
 

Stas Minsker
Intro machinelearning isthestudyofalgorithmsthatcanlearnfromdata graduallyimproving

their performance largedatasets
mathematical statistics ist is thescienceofmakingdecision in thefaceofuncertainty
small datasets

CED
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L t Bilinteresting Putgenre t BeBudget e E
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ratingofa
mopederateratingcore

Netflix wants to predictratingofa movie ML
Disney wants to make a moviewithhighrating ST

needsto understandwhetherthemodelis staticallysignificant
hypothesistesting etc

IFx Handwritten digits recognition ml

myf
unsupervised learning

supervised learning

raw data nolabel clustering learningrepresentation
labeled classification prediction

reinforcement learning multiarmedbanditproblem exploration v s exploitation

ealizable case

Binary classification XY instance label
observation label

Ex x image YE fti 1 leg cat dog
xGS setofall possibleinstances

atisticallearning we will assume that XY is random inotherwords ithasaprobilitydistributionP
so we use languageofprobabilitytheory

uperised learning
X Y E SxStl I

Pis thedistributionof X Y
i e PLA ProbabilityC XY EA
TI is the distributionofX
Imposing theprobabilistmodel or ex 4 takes as inforealmofStatisticalLeaming
Theory

Goal predictlabel Ybasedon the observation X
Theprediction rule is a function g S f l ti



Thequalityofa prediction rule g is measuredbythe classification generalization em
Legs Prob Y g x coneprediction

Thetrainingdata is a sequence Xi Yi7 Xu72 XuYu of i i d painwith
distribution P
Analgorithmtakestrainingdata as an inputandoutputsgi giLexiY XnYn
In general we will consider 2 scenarios
1 Realizable learning thereexists gGG sit Y gtx withprobability 1

mm

A team thereis no gGG sit Ygtx withprobability 1

assumethat the set G ofall possible classification rules isfinite

he Eycarik Minimization principle
trainingdata pickanyginthat agreeswith thetrainingdata gilli Yi i p n n

Question what is Ligns
given E o

Here Leg Prob144gox
letGB bad classification rules gGG Leg s E
probl Legu E probLguGGr
Takesg t GB if gag gaxis Yi ta y i n

prob gex 4 E
prob c giXi Yi E l E
prob cgaxis Yi ta y n Pegexit Y Pegexo Yr n PLg Xn Yn

Iii gig
exists

Weshow that tgGGr Prigin g E l E s e
s

since l E ee E

Remainder Union Bound PLAVB E PLA PUB

1 If GB gi gk thenPignEGB Pign g orgi gu or orgi gk
Pigsgist pigsgase e e pigugu
ke en

Elate



If onerequires that PCLiga EE 2 1 8
then IGte En e g

s ns.bg
Eg if G low 2 8 2 0 2 0.01 whatis n Ex É39AAs

n21695 100logz

Lecord someuseful concepts
ERM picka classifier thatmakes the smallestnumberofmistakes on observeddata

define Luigi t Ikjen gXj Yj
Remark ByLawofLargeNumberLuigi D Legssince EIngs Leg
TheERMstates that onepickgi that minimizeLuigi overg GG

PAG C ProbablyApproximatelyCorrect Leamability LeslieValiant 84
A class H ofhypothesis binaryclassifiers is PAClearnable
if U E Se co D anylabelingfunctiong anydistributionTofX
I algorithm A Leg ERM and afunction ÉÉÉÉst Prelegit E e8

HER Any IIe setofbinaryclassifiers is Paclearnable
if we take n21091 wecansatisfy Prelegit E e8

ExampleA
triteset ofclassifiers

Areal5

get ti XEs

I XERIS

TrainingData Xi Y XnYu
consider gicxse fYi x Xi for it in

I else
In particular gin is consistentwith ERMCsampleBERIAERA
ButEiji Prey gicx s overfitting
assume that X is chosen uniformlyfromR ELÉyEÉnFhEgEO N Ere I

x nuco I FF
Prix x ePrexecx h ath th
since hcanbeas small as itwantsto
i Prix x O



hit all infiniteLan is not PAelearnable

overfiooiy.Lignto
ifG istoo large thenanyalgorithm in particularERM will produce a classifier
withlargemisclassification error
If G istoolarge it is notPACteamable
AnafghanA is a mapthat takes G and ext til in in asinput
andoutputsgEG

Example B x Elo i

o I i gas I x ex

x x
G gy y Eto I A Etat WEall classifierWE93infiniteclassifiers
gyca 1 xey JRAETHER1 X y
XiYi y XnYu iid trainingdata

iii it
claim G is PALleamable
Toshowthis weneed toestimate itssamplecomplexity
given s 8 0 if ne ncE 8 7Asuchthat given a sampleofsize n
A outputs gsuch that E withprobsi 8
let's use ERM specifically letA max Xj Yj i
letgicx f 1 EX

I x A
Preleg s e Ci E showthis



Example17 Task identify counterfeit banknotes
Weknow that real banknotes ca colorchangeunderthelight E20 i withinurement o

b red bluefibers ECo too withincrement I
realizable Assumethatforevery real banknote Caleb belongto a specificrange viceversa

Assume that youhave 100 banknotes knowntobereal or not
X banknote Y labelfreal fake
X ES Domainset f x y x e o o n i y et o i too
Trainingdata toobanknotes
Hypothesis classG g S ti i

go gel x on xD yoMiyo I ÉI else
lol e 2 still manageable

Assume that we want a classifier that makes at most 5 mistake
whatis the probability thatyou will getsuch a classifierfrom a sample size too
Weproved that

Pr Legum o one
1 1 59
f TT proba I 1824s ED

IExamplev label Xi Xv Xi X2 GI OEX E4 0EX243
6 9rectanglewith vertices Xi Xv E20,4 x 0,33
Training set Xi Xu y

0 I 1

I 1 at t
z t T

t t t Iletgo to Txto V
Lung lking 9 s empirical risk

in S

ERM line segment o is to 12,1
Agnosticlearning no perfectclassifier



NoFreeLunch theorem

An algorithm A is a mappingfromtrainingdataLxiYr it to theclassGof
binaryclassifiers

Theorem AssumethatS isfinite letLxiYo g xnYu bethetrainingdatasuchthat he
Thenforanyalgorithm A I somedistributionToverS and g Y g ex but
Pregex g x e'swithprob'swhereg Alexi DI PCFEEFE.hnrFaFtih 8 s

Proof let Jt axeYi UnYu
consider mangaa EE i ng.gg gI qgso
pickgo get get
maxi 2ToFEstExg If941 gÉ FRATE expected

consider a random g't sit DXES g as I withprobtwithpros y
dependency

callthis distributionQ

IggyExExIfgas gets aEgnatiaEx Ifgasgens

Egeneifgets gets go if xEfx Xn EdEEPRETEXTAs
I if x ft Xu HEREAping4822kgEA
ZEst z II

Ilemma let71bea v.v such that o e7141 then Pr7228178172 8
proof E72 571272 8 EZ L 71 8

S Pr71 8

Applying thelemma wegetthat

mg Pre Pregex gooo z's 24 8 8
EECPregex g ca É



evenofconditionalprobabilitiesand conditionalexpectations
elemma let71bea r v S t VariZ co

Then E I argminE 71 z
ZEIR

Proof letfez E 71 25
Then f Z 2EL71 z 0 E Z EI
Finally f Z 2 EI is theminimizer

HDFYI

Now let71Wbesuchthat Vari71 andVar W arefinite
Then EE721Way argminEatw y 171ZZER

Clearly Z Zay above Therefore E I711Way is afunctionofWthat minimizes
EI71few over all functions f

Exercise let yow E2711W Provethatforanyfunctiong ELI you guns 0

let 42 be an arbitraryfunctionof 2 s t Eh e

Iggythen FL W FZZ he2 o whereF ZI ETW Z

x y E x Y





bayes classifier

yex ELYI X X YE 1 I

Theorem let sbeafiniteset Xhas discrete distributionTlover s Then thebestpossiblebinary
classifier isgivenbygex signELYX x
g x is known as Bayesclassifier

Proof let g S ti bearbitrary
Then Prey gun EsPreygo xx 45thof

Y I X x I pray yy y
E PrlYtl X x 74 topay
PrLY HX x ÉI ÉÉÉ

ZEs T x

Equality isachievedwhen guyin lylolforall x es
gusesigncyi BayesClassifier

ayes Risk Lt Leg's Es É Tlex

Example 5 cards aredrawn at random 2 arereviewed
Y 5 cards contain anAce

otherwise

Find the Bayesclassifierandits risk
Remark Theriskofthe Bayesclassifieriscalled theBayesrisk L Pr Y goex
solution S e fl o3 ft e if the painofcardshave at least1 Aceto otherwise

yex EEYIX X I 0Prey1 X x t l i Prey i X X
Pr 4 1 7 1 0

Prey i x o 20.77

Pre4 1 X 1
PreY i x o 1 Ys
y 3 1 i o t c is 0.77 0.54

yet 1 u o t CD O t

g ex signCyx I 4 1X to



Pex 1 I PLbothcards are notAces 1 z o 15

Pix o 1 o 15 0 so
a thud Tco t that Tc
toot oso o is

to 2

gnostic PAC teamability

Iggy
B agnosttMElearnable if I m G s 8 andan algorithmA

smh that HE 8 0 anydistributionPofex Y LLIn e min
a

outputofaEFI
s withprob i g

Nextgoal understandwhichclasses arePACteamableWewillstartwithfiniteclasses andthen will
studyinfiniteclasses

keyidea conceptof c ofthe timeandempiricalrisks

Definition Thetrainingset x hi hi on h iscalled

typify49
Pr 7 9 D

tgEG ILuigi Lig I E E
lempirical risk omeme e g

th 9 t f Jen guy y

Ilemma Assumethat X B I representativeand letgn be theminimizerof theempiricalrisk
gi argging IncgsThen

Liga PreYtgin x EYELeg t t

Tproofs let g argminLegsThen
goG

Ligu Lnign Liga LnLgn

EEempmcÉÉFg
SEElLigi Lng

Festing
E L J I ILncg LegI
Legs Its
Leg t E



biasComplexityTradeoff
Thisconceptrefersto thefollowing error decomposition
let betheoutputofalearningalgorithm Agiventhetrainingdata It exit XuYu
Then Lig Prey gets e

Leg goingleg t

gfk
ZBayesRisk It

If G is large goingLegs is small ButLegs goingLeg B large

mite Classes areagnostivPACleamable
Question Whatisthesmallestsamplesizesufficienttoguarantee that it is E representative with

probability at least 1 8
Assume IGt o then PretgGG ILncg Legs EE

I PrCIgGG ILnago Legit E
whycanapply PretgGG ILncg Legs Es
mior bound PregoalILncg Legs s E

weneedtoshow themeasureofLncg is concentrated
YeaPr ILungsLeg I L arounditsexpectedvalue
I GI
gggPrellnigsLegI

E

apply chebyshev's inequality PClx Eexita k e fr

Lig Elncg
2j IfYj guys
21 y2n are i i d 71

Pr It22J E711 E E FIZZ
Var I 22J Ivar ti2J n ErVare72 HE

talked e g no fit Bad Bound



Pre2 1 PrLY get Pg
Prc2 0 1 Pg
Vac22 Pgu pg s

supposeBernoullidistribution

fits x 4 N o I

i Pri t B not E representative E 1Gt É

IExercise 161 1000
we want It E representative withprobatleast 9and E o I

1GlFsueout g
n z to If no000 4ft badestimation
H B E representativewithprob 1 8

InobtainedbyERMsatisfyLign E mmgeolegs 28 with prob l S

toeffding'sInequality

applyHoeffding's inequality to question
letOi bethe randomvariableLn g Oi On are t t d

LangstonsampledataExitedEr

Lng t ÉOi Legs Elnigs in
PCI'tÉOi ul s e ze 2ns

PretgGG ILncg Lug I E EfogLe
m 2101e mo

i n a ÉÉ then PretgGG ILuigi lug l E
AIIDEEx n I I too log Ewoo

more reasonableestimation



TExercises 5 50,12,343 XD binomialB 4 I YG ti 13
PlY i x x I Clabel is randomguess Prix k kprops
considergex 1 X B even

i X Bodd
m

yex ELYIX x o

g'tca esign yet either ti or 1

Now Piya X A 44 No I 2

x 3 4
Piya ily x E x on v

4 X 3,4
Legs Prattguy ZPrYEgo xox Prix d

III'dthy't It Ii xdtheyxÉt g z

eExercise S R G gr r 03
great f 11 11 Er Assume realizability

hall r
showthat GRPac leamable

4 9reca

show2 things as Analgorithm A ERM
b mcE 8 s t gEA XiYi XnYu satisfiesPrcLig 221 8

ERMoutputsg that minimizes 9kj En Yjguys
LnLg 0

I min f r o 11RjIl or Yj 1

Iggy
let re be s t Pri re eux v e re e

vis Pri Il all e re c E Cine Cra rt 7 42d FE 898classifiertossthatNFE
Lii Pre11 11 EFx 2

PcLiga E Pref ra Prethereare noinstanceswithlabel t in thering
between ante ofradius ra and re

PrC11Xj11 re or 11Xj Il eraforall J
I Pr IlXj11 re or IlXj11 ra

"



L I s s e m

v Pri re Elm Ert 2
Tohave e n z S n z 8 e finiteclass n a

IExercise let S R G lgo t ER goits g ti Xs t
I X t

Prove that G is PAC leamable assumerealizability
Tl

Vaputk Cherronenbis



Question Whichclasses G are agnostir PACteamable
observation letLxi Y xuYu bethetrainingdata and G is theconceptclass

consider Gc Ilgexit guns gGG
note that IGo E 2
fromexercise wehavegr a classifier

gr tixill DXall
is in is a permutationsuch that 11Till Eli Xin e e Elldinn
grexin ygrexin grEG
can tell Yip get Yik ti V ke j

I Yik s t Kaj
at most inti vectors
whatmakes it PACteamable



let ( X, Y
,
t.in ( ✗ a. Yn) is the homing data

9 is the concept class .

C- (X.in . Xn) .

The set G
,

= {19K ,) . . .9l✗n)) , 9EG}
G. : restriction of G onto C.
/Go / ≤ zn
If / Act = 2

"

.

we will say Gsh C

Remy : C can be an arbitay finite set

9+1×7=1+1 . ×≥ -1

Ee G= { 9T it ᵗ*}

shift + to get ±1&r×'
-1 ,

✗<e ¥7
c-- {×, } G. = { 9+1×11 , -1EUR}

= {+1 , -1 } shatters ¥5 ¥É
( = {✗i. × , } -¥*¥I-É

HI , -11 ) (-1 , -11 ) (-1 ,
-1 ) t

Gc = { 11,111-1 , -1 ) , (-1,1-1) } no shatter

Det VC (G) - the Vapnik- Chernenko dimeepon
of G- is

the largest d smh that 7 {✗iii.Xd}
that is shattered by G

Reek : VC /G) =D <⇒{ 1-{ ✗ii. ✗a} shortened by G
any set { ×. . . . .Xd+,} is not shattered byG.



#mark: we will prove the "Fundamental theorem of PAC learning "

G is agnostic PAC learnable E>UC(G) < B

W#S is infinite
G = 995, TIS, IT1 < 63
g(x) = 9.,x+T

x*T
Then UC(G) = 0

solution:forany d 21, we
need to find x,

. . . .,X.,l

Let's take any 9x....Ya3,G = 919,(x1 ...9,Xal), TES, ITKD3
n =9+1, 13d,5 = 9j;W; = +13
(l. +,+1111....I
Take T= 9Xi.it53 =>(9+(x1).... 9+(Xa)) = w

E 9 = 99A, A is convex set ⑨ conven

S=1Rgn(x) =91,Xt ⑳ not convex.
+

-
X

O UC(G) = 1-E
-
1

D** G is finite vc(a) <y
(X,....x() = 2

Gc =9g(x1)...- 9(Xa3,9 tG3

It'rcd's(Gc = 2d(G) 52d => d-logn(41)(
to integer



lemma 1 : let. G be a concept class of infinite VC d-meson
#a is not PAC - loanable

Ppof G is PAI - learnable if HE, 8 so ,°

1- A - an algorithm and ma m /e.8) m # ◦1- trang data must
form .

then if IX. ii. In .(✗n , Yul is the training data and

n 7m19 , 8) then Prl 497 ≥E)≤ 8
, ⑦ HICKY. .) .#

VCCG)=A ⇒ Im ≥ 1
,

7- {✗i. " "✗a } ≤S ,

such that G shutters {✗"in
⇒ for any z C- { +1 , -1 }

"

.
7=9 C- G st 2-= (gcx, ), →gcxm) )

9-7-11 , -13m
Take E=É , 8 =

Take N arbitarity large .
Find c-- {×, , _Xn 3 shattered by G

By no free lunch theorem for
any A.mg#Prl4gY ≥£) 7£

Proved by contraditobn
.

ELI : 4=9 gi.g.it-ER}
_ .

f-R , get = {!
,

✗¥, 9-5=9
' "t

-1 ×≥t

Then VC (G) = 2 IPhone this)

a) Fid two points {× , , Xu } that are shattered
.

(b) Show no set of 3 points are shattered
.

1+1
,

-11 ) → 9+-1
'

1-<×
,

"

i (+1 , -1 ) → gie it C-Kik)
(-1,1-1) → 9¥ . tc-i.ir)
1-1

,
4)→ gi it >He

b) I - I
,
-11

,
- 1)

I -11
,
-1 , -11 ) hope



Ex 2 : 5=1122
. G-

-{ 9ps , R is axis - aligned Rectangle }
9r= { +1 ,

✗ i C- [y↑ ,y↑ ] , ✗d- [Z
,

R
, 2-9]

-1
,
else

×
. ¥¥¥¥(A) •

×
,

,
• ×,

just need one example
a

✗ 3

b) no 5 points are shafted
WLOG , assume that × ,

has the largest coordinate
.

*the smallest ✗ coordinate
✗s has the largest y coordinate

.
.

✗4 has the smallest Y coordinate
✗g- will be inside the rectangle with -1 ◦

nhih is impossible .

Theorem (R . Dad/g) {not in textbook}
Let L be a finite - dimensional space of function f

' s ->IR
.

Consider

Cf = { { ✗ : fix >0 } , f- EL } and I=={ {✗ = fan≥o} , f El } .

Let G = { Iq
-

Igc. if c- F } _G={ Iif - It, ,
f-c- F }

Then Ucl G) = VC(G) = din (L )

Finite dim : EI ↳ {<a.×> +b. a c- Rd , ber }
a C-Rd⇒ a = diet -1 . . - taaea
ej = ( 0 , , -

°
, I , 0 , ii. 0)
↑j

<a. × >thx a. < e, , ×> tint adced, ×
>+6

din 14 =D-11

Torrent



E✗ample_ polynomials of degree at most d,

f- (x) = A. Xd -1 G×ᵈ
"
-1
. . .
-1 ad

"
+ doe, dank) =D-11

D=axtb { (✗ is ) -g-ax-b so}
g-ax-5--0

y>a✗<a*b↓
Aidtaiy -16=0 dim

'

=3 = VdG) = VCCGT
→← rectangle formation :

intersection of

☒ ↓ ↑ 4 half subspaces
din ✗4=12 Lauper band ?)
¥

Prettier IR . Pudleg) : VC (G) ≤ dink )
let dim 14 =D , we need to show no set at dtl points A shatteredby G.

Take { ✗ in . - ✗an } i Consider Tl f) = (1-1×1)"nfka del

Tlxftpg)= ✗If) -1ps-1cg)
Note that dim / Image (TI ) ≤ d because drink ) =D and linear maps dont increase

dimension
.

7- WE Rᵈ" such that wt Image/T) yand w # 01 Hence
,
if W=(W

, ,
Nz , .. _Wdti )

⇒ Ij St W
,
- <0 ( if wj >°

,
take - w instead)

A- = { I ≤j ≤ n : W
;
< 0 } A-

+
= { ' ≤ j≤n.ws ≥o}

Assume that 9k . . .
_
✗at, } is shattered by G

Since every 9 EG is sign (F) for some f- c- F.

If EF St f-( ×;) >O, j EA
_ ,

f-(Xj) < O , j C- At



On one hand , since wtlmlt )

dÉ Wjfk;) TO
j=\

On the other hand , ᵈᵈÉ=, with;) = Fea with;)
+

¥a+w
< 0

÷
Contradiction ⇒ { ✗ i. Hati } cannot be shattered by G.

Examplei
-

Back r) -- { 9*4119×11. ≤ r} ④
ball

G={giRᵈ → {+1 , -1 }} .
where

9=9×,r ,

and g×,p( g) = {
' ' YEB.dcx.rs
-1
, else

Then VC /G) ≤ d-12

Express definition of a ball as fly) ≥ -0 for f-EL
,
where din /2) =D-12

norm= 4.5 ≤ r ⇔ %.ly, - ×;)
'

≤ r ⇔ %.iq?-sy-yjtxjY ≤ v2
⇐> _ ¥3,95 -2¥ ,

Xjy; t %, xj '-v4 ≥ 0
-

f-( Y, " ' '%)
f
,
( Y, . .-yd ) = ¥ ,

Y
,

? fz(9
.

.

; Ya )=y ,
:-. _ fda (Yi . . . Ya ) =%
fdtrl Y , . . - Ya) = I

f- ( Y, . . . _Yd ) = - l o f
,
-12 ✗

, fz +2kt, +.. . -1 2 ✗at +, + fjÉ×j +F) fdtz
⇒ fly

, myd) EL and din (2) =D-12

C = {×, . . . . ✗× }
,

G - concept class
,
G
,

= {191×11 . _ 91¥)) : 9EG}
Assume that VCIG) =D

.

Then 3- { ×, . .. .fi } -_ Ca St / Gee
,
/ =2ᵈ

What if K >d ? What can we say about / G , / ? ( beyond the taitthat 1%1<2
"

)
Det ( The growth tuition )

Talk ) = Max/ Get c-- {✗i. " he }
Shelah - Sauer - Poles - Vapnit - Chinoneats)

let G be such that UC (G) =D .

Then Talk ) ≤ Éd's ) (F)= ;!ñ



Hkxd,Tc(k) - 0) =2

For kid, so- 1d
*
of: (a1"

inT

>"A
<

g)=E,kItldAris
- ltpd*1 = led

j=0

wor

Exercise:Sol"), (pd
ed

Recap
G-class of banany classifiers
Ta (m) = max IG,

c=9x....Ym3CS

Emma If UC (a) =d<D, the Talm) 1(zed for all mad

ple: Let G., G, be two classes of binary classifiers.Howsection is finite

vc(G1) =d,<p, V((G) = dx -y

Let Cai = 99X: g(x)= +13, 9-G;3
i =1, 2

Ca,1(k = 94nC:3,5C..GtCa. 3
Let G be the set of all classifiers

g(x) =9.xt) for CtCanon



lhteresilron
↓ +

Proof : VC(G) < •

idea : If he can show that Talon )= 01mV ) for some vets ,

then VCIG / < is

Fix some {×, . . _ ✗m }=M
Consider the set 1mn {{ × : 91×1=+1 } ,9EG } / ≤Tq④

illustrate:g={
" '
*

M=ck,k,k1
-1,1kt

Mr {{ ×: 91×7=-1139, c- a } = {(kik .is/.lKib1,xs, ∅ }
t.ES Gm = { HI, -11,1-11,1-1,1-1 ,-111,1-1 , -1 , -111,14 , -1, -11}

Mn{{ × : 9,1×1=+1 } , 9. c- a } =MG
.

Mr { { × : 9,1×1=+1 } , 9> C- Go } = Mc
,

Cl C- MG ,

,

④ • ¢1 MMG
,
/ ≤ /Maz / = Talon )

, ⑨

①

•
⑨

⇒ /Manna / ≤ /Me. / . /Mal ≤ Tanka.im
G. Gi G ,

G -

Talon ) ≤ Ta
,

Im ) • Ta
,

Cm ) IDK

≤ (%
,
/
d ' .cm#1oh=o(md.-'

" I

= > VGCG ) < A

Example's G. = { get.tt/R3=EvclG.1--1G.=fgiitc-1R3--vccGd--lG--
{ grab] , a. BER }

9[a. b] /
× ) = {

+ / i ✗Eta ,b]

-1 ,
else

Talm) ≤ Tonlmltazlml
- I -11

-11

Taint =m -11 i TG.cm/=mH - i - i
-1 '

- i - i
- I

Ta :(ME )=m¥
"

≤ 1mn12 +1 +1-1

+ I -1
-1



(✗ i. Y, ) . . . . ( ☒ n
,
Ynl is E- representative if

Max

gec, / in & -1-9%-1--91✗it} -Llg) / ≤ E"

PHY-1-91×11

_ha Let G be a concept class (a class of binary classifiers
.

and let Iain ) be its growth function .

Then YE# & -1-{4-+941} -291 / ≤F¥Y≤
with probability at least I - S .

It's sufficient to prove that Ema, /ñÉ , -1-{4,1--914.1} -49K
BEGIN

It's because

prlz >t ) ≤1T¥ - Markov 's inequality.
Prlz >E÷± ) ≤

"É¥ 8--8

For (agnostic) PAC - leam.br/itg, we need

41 An algorithm A
(b) ME ,81
* a. µ

,

,,, ,, , ⇔*⇔.,. protein)> E) ≤8

In our case , it ☆ is ERM , we know that % - representative sample
yields a classifier ugh ≤E

Doing some algebra , we get n ≥ kg-Ygtogg-qfik.io#-



symme-wizationmegualityi-le.to
, ,→on be random signs.

i.e. iid random variables st Pr /6=1)
=Pr (6--4)=2-1

F- g¥, / it É I { Yj=gHj) } -491 / ≤ 2 Engage, /ñ E.⇒ 9%+91%-131
↓

inner product 49. . . . on ) , /I{ Y
,

-191×1}
. . _

I {Yn -1-91%1})>
like random noise

Theorem G- a class of binary classifiers
Max / Lncg) -11911 ≤±gFÉ
9 EG

with probability ≥ 1- 8 over the choice of the sample Child . . "
Antin)

In other words , if

n ( g ,
g ,

sample size n as a fountain of q , g

≥ 1v¥⇒logl¥e.)
⇒ § produced by ERM when given a sample of size n /E. 8) satisfies

Prlllojn)> mgitfallg) + E) ≤ 8 → defr of PAI - learnability

It suffices to show that

Emg¥a /↳ 191-4911 ≤¥nED

Symmetrization inequality :

Emax / in É , -1-{45491%1} -4911 ≤ 2 Egm:& /ñÉ , 9- I {Yitgcx}/
gtG

61 in . On iid pardon signs independent from Nishi)". Haim , i.e. prla-tt-P.IQ
=-D

=É

Note that Egqg.tn É 9. I {Y; -1-914-1} )



tj c- 90 . I }

Exist
,
! ,
E-
a."ay:c, /i-sig-IJ.EE/=xE---(ti....-Ln)EQ...oam-F-/n-&0j

-4-1

Remark's / { 1-1-94,≠gM } , _ .. . I { Yn # 91*131,9<-4 } /
= / Go / ,

C = { ✗" " " ✗a }
"

{194.1. . ._ , 91hrs1 , 9 EG}
- I 1

The number at such vectors is at most Tacn ) !

Lemma: Let t". . . .
t"" ER

"

Then
☒ max lot & ◦iti"'t ≤T.EE/ltjn#FIj=kk

Exercise €/ñ & 9-til ≤ ⇐ ¥4
Phot : let flak E-e'

'° '
≤e'±

Indeed, Ee
" "

= @
""

± + e
"-"
÷

= ice
"
+ e⇒=ÉCtÉ -1 "-1¥' -1-1-1×-1Ét " . c-1)"¥, -1 . -1

= 's -2¥, = I + ¥ + ¥
"
+ . _

✗
2k
= (x2)

"

② K )!= I -2 - - " . -K (K-11111<+2) - " (2k) ≥ 2k _K!
Tf 72 72 ≥z

fork≥ /
¥"Éi. '≤ ¥ = E. ' = e'¥



MGF Moment Generating Function) of ii. g- tj :

* ext'ñÉ9ti ) = E-¢
#Qt.

. .
_ @

ñontn)

=# e
°"'

× . . _ ✗ Ee
⇐at

≤
e
'¥n.

_ . . eÉ¥ = e¥i¥÷= eÉ"

Next , ✗He" is convex
,
i.e. e

't¥-14 %-)
≤ ✗ , e'

""
+ . . . + ✗ne

""

✗
, . . .
470 In other words

, NEZ
≤ E e

" Z

pr(✗ =X;) = Xj
& ✗,- =L e

Jenseisiheguali-YZ-IE.ie/n'-&o,t.iiylat-ma-ca.e.is

e'
*Z

≤ Ee
"

= Egg.%¢¥%iti
'"

, e
-EE ◦it ."")
¥

axes

*¥ , le#
É """"

+ e-
"%' "

"

) ≤ 2¥
. .
exp /¥ 111¥15 )

≤ a. Kexp/¥ 7%+11--1%11:)
e'
'⇔

≤ zkeE.ME/LtEY1i
Take log :✗Ez ≤bg) -1¥ max/H "Hi

1-K

The for any
A > 0

hlxk '

91¥ + ¥7:# It
""Ili

wit- ◦ ⇔ñ¥¥h*ii)



HH --nEFi¥¥%."¥

E-
q.io. GEE, / in & 9-I {

'

5-1-9111;) } / ≤nf2 . 1

✗
+
"
'

1=1-17%+91×13
. .
-21%+91411

,

11+11 in

symmetrization inequality
Let G be a class of binary classifiers, and ◦

. . . . on are

iid Random signs, i. e. Pr/6. 4) = Pr 16=-1 ) = ±
Then Egm:& / Lnlg ) -4g) / = Enga / is §, 1%1--9141} - PRY -491×111

≤ 2Emg% / n'- É , % -1-9%-1--94;)} /
Proof : Let (×,

'

,
Yi/ in (✗

'

n . . .
Yi ) - an independent copy of kid...

Hn
,
Ynl

Note that 219k E(ñÉ , -1-94,4-94;) } )
Therefore

,
E-qq.iq/Lnl91-agY--EmgEgfn'-og=,IfYj -1-91%-1 } *j;É:{"¥94M
-

⑤Easy, FFG Flex,y, / it ,É , -1-{45-19181} -I/Yj
'

-1-91×1;) /
/Ed ≤ F-12-1 ≤Egg, in ,É,I{Y;≠gix;)}

- I{¥49k, 's } /[/Fail ≤ g. tail
Max EZ; ≤ Em;xZi

Note that he can
"snitch

"

(✗jig. > with Ki
'

-41 for any j
without changing the expectation.

Equivalently , for any ted % . . . qn C-{+ in }
"



≤ Egmqo.tn?Eit;lIfY;=19lXj) } _ -1-1%-1=191×4}/ = in E Egg:/÷,É,

q.tt/Yj-tgkjHl9....9n)Efb-uY-Ifyj-tg'kjR1--Ej..snEmgqg
,

/ ñ §.io; (7- {Yitglx,-1 } - I {Yj-t%
/a - b)≤ 14+14 ≤2 EYE.tn?=,9.IfYit9Hd3/END-
The Fundamental Theorem of PAC learning .

Let G be a class of binary classifiers. Then the following conditions
are equivalent :
(a) G is agnostic PAL tearable via the ERM algorithm.
Ibl G is PAC learnable via the ERM algorithm .

(C) G has the " uniform convergence
"

property
: V-E, 8>0, 7-ME, 8) si . En ≥n/E.8)

mg%, / Lnla) -49) / ≤ E nith probability at least I-8 ,

(d) G has finite VC dimension
.

Proof : (d) ⇒ (c)
Moreover

. we have shown that nor 8) ≤ constant 4%-1091%1%-1
14--714 (a) ⇒ (b) (b) =) Id )

Remake
, V+19{ ≤ME, 8) ≤G Vt6÷Is)

End of theory .



Practical stuff

Leaming beyond binary classification
.

• What if there are 3 or more classes that the objects * Interest should be
classified into?

• What if the " label
"
Y takes values in TR ?

• Our theory remains valid modulo minor changes.

"
One us All

" Cat vs Dog or Rabbit

% 4°
cat Dog or Rabbit

" l us 1
"

: ifwe have K possible labels
, { 1 , . . . .k }, consider (E) binary classification problems

11 ✗ is
in class i or ✗ is in class j

"

.

Pick the label that gets most
"
+1
"

votes
.

• We will talk about general " prediction " problems :

predict the
"

response
" Y based on the

"

predator
" X

. Prediction is performed via some function
g c- G.

ExampI Multi, - label classification
✗ is a test paper, YE {A / B. C;D, F }

E✗ampI general regression problem
✗ = hours spent on social media /week

,

'{= GPA C- [ 1,4 ]

• Need to generalization the notion of the lossfuaction_denotedlly.gexp
e.g. in binary classification , lly ,gad = I { y -1-91×1. }

In multi - label classification
,
it can be fly , 91×1) = I { y -1-91×1}

We can also choose

119,91×11=40 i 9=91×1

1 1 , y -1-91×1
and geo

100
, b. 1=91×1 and 9=1



• The goal remaing as before ; minimize 11%91×17 over gtG .

• Eiampe Regression problem
: YER

,
✗ c-Rd

119,91×11=(9-96)/2 ← why squared (MLE)

G-- {<wit b, WERT BER }

• FI Assume that ✗ c-R
,
assume that Yj=xXj+B+Ej , ABER

and Ej is (a) NCO, ◦2)

b) Laplace distributor with density Pak 2-e-
1×1

,
✗ c-K

E, , . . . . En are independent. Show that the MLE of app minimizes

(a) In %. ,(Yj - axj -b)
2

over a ,b C- IR

b) in 414; - a Xj -bl

Question of poetical importance :

can we implement ERM methods that have strong theoreticalguarantees ?

Example 5=112
, -1={+4-1} .

(×, 4) C- SXT

G = { 9-i.ge - } , 9++1×1=91,
_×≥-1,9+1×1 :{

""*

,
✗at -11,4<-1

* rg.FI?nb!?miz%7fij#=IsYjt-gcxd } over 9£ G
ti ¥ ,

!
, > ✗

is ,
is the jar smallest among
✗, , i - n

✗
a

Olnlogn) to sort
.
0C login) to tied + *

Compare 49%7 ,
F. L Login )

219
_

to ) . . . . ,
I 19in 1

In agnostic learning framework , we only need to compare the
empirical risks of at least zln -11) classifiers .



¥:*what about 1.wear separators in dimensions ? -1

specifically, let 5=422 , -1=9-1 , -13
G-_ {%

,
L- > a half -plane } 9<1×7--41 , ✗ EL-1

,
✗ c-L

Let's take a look at the more general problem :
S = /Rᵈ , 1- = {+1 , -1 }
The hyperplane is a set of points {✗ c-Kd:<and -1b¥

weird, BER }

×s The half- spaces are given by
L =/ ✗ c-Rd : Ew, ×> tb ≥o

I = (×, 1) , Ñ=(w , b) ,
<w, ×> +b a- <Ñi>

Realizabilitythere exist W* sit . Yj = sign/<w*,×js)

(= > Yj <w* ,Xj > > 0

Let 8 = %!.hn Yj cw* . X; > = > Yj VI. ×; > ≥ 1 U-j-li.in

Denote ñ=W¥ => YJLÑ, xp ≥/ for all j .

Can we find such Ñ ?

Perception Algorithm CFrank Rosenblatt)
Given [× , ,

4,1 - n, /Xn , Ya) , let Wo = 192dmfor -1--1,21 - n

,

it 7- I ≤ jen Y; < w
'"

,✗j >
≤ 0

then W
"+" = w

't ' 1- Y; x; else return w
" '



+ppeerraepp-bknaay-y-ehetppssuue.de#--g9raraddFH#*ddes.se#E-tw*meme*hogf so < = > Y;= -11

⇔ Yj < w*, xj> > 0
,
I ≤j ≤ n

8 = mjin Yjswx , ✗j > ⇒ mijn Yj 4¥ Hj> =)

Goal : find a vector w sit. Yj<MXj > 71 for all j
Perception Algorithm CFrank Rosenblatt
Given [× , ,

4,1 - n, /Xn , %) , let Wo = IQg.fmfor -1--1,21 - n

,

it 7- I ≤ jen Y; < w
'"
, xj >

≤ 0

then W
"+" = we

'
1- Y; x; else return w

" '

th Assume that mg.xllx.it ≤ M mThen the Perception algorithm stops after
+
+ t

at must (F)
2 iterations

Pf : Let Ñ=w¥ best. Yjcñsxj> ≥ ,
consider <Wet,

,
Ñ > = <we -14,- Xj,Ñ> = EM ,

Ñ>+

Yj<w > ⇐W¥ñ>+ I

= > {me,,Ñ > ≥ -141

At the same time
, I/ Wey , /[ =/Hrt -14,7-1/2=44+4,-Xj , we -1 Yj ×; >

= Hw-412+11×112 -1 2Yj<wyjW;# ≤ I/Well≥+M2
≤ 1-1-11/MZ

Combine 2 inequalities, 1-1-11 ) ≤ <Wai
,

Ñ > ≤ I/Went/ 'HÑ// ≤Mft •I
¥

⇒-41 ≤F-Fly => -1+1 ≤ 1%5



Perceptron as the gradient descent method.
Deshon : find wit. Yj<w , Xj> >0 tj
know : 1- ñ sit. Yj <Ñ, xp ≥ / ltj
We can

"find " ñ by minimizing Flx>= É //✗- WTF 01--1×7=11 - w~

To minimize any differentiable function F.we can use the gradient descent method:
let ✗0=0

,
for -1--1.2. . " -1 , ✗++, = ✗+ - h ☐1=1×+1 01=14,d| = H¥% . -81%1×1)

Pseudo -gradient descent : instead of using PF (Kc)
,

assume that we can

find Vt such that < 01--1×-1) . Ve > ≥ 8>0 , Then define ✗++ , = Xx - h
- 4

Vt = - Yjxj , where Yj <Wt, XD < 0 for the perceptron . >°_

⇒<OF /we) . -hyjxj
>_

-hYFWHXj >
≥,

Convergent of GD thYj<w*isDr
Assume that trx.ge Rd 7h

1/01--1×1 - 8-1-1941 ≤ 111×-91 E.g. if 1--1×7=3-11×-5412, then 01=1×1-0 Fb)
= X-y ⇒ [ =
1)

""""
"

1--1×-12-1=1--1×1 -141=1×7 , Z >there I is a point on an interval

connecting ✗ and ✗+2 aÉ%+z
✗

⇐> 1=1×+2-1 - FIX) :<☐Fled
,

z> -161=1×7 - 01=1×1,2>
Let ✗-1+1=4--401--1×+1 Fleet, ) - 1--1×-4=401--1×+1, -4+1=1×+1>
Tf +<of(F) - ☐Fcxe ) , -hot-air

= -41/01=1×+1112+11 -1=1×7 -01=1×+111 - h 1101=1×+111
≤ -hllot-lx-HP-LHI-X-H.tn// 01=1×+111
≤ -h 1101=1×+1112 -141×-1*-1/+1/ • h /1971/4/1

"
h /105-1414

≤ 41101--1×-411+244101=1×-4112
If h≤¥ ,

then RHS ≤ - hell • FAIT
É 1--1×-1+1) - 1--1×+1--1=1×-1*7 -1=1%1 ≤ ¥ É⇒ 1101=1×+1112
-1=0

⇒ 01--1×+1 → 0 ⇒ ✗+

t
✗
*

St
.

☐ 1=1×+7--0



Emmett
h %.

One the one hand ,↳ Flwyy , )= FlWH-1<0Flwt ) , Wea
-Wt> +< 01=1Ñttflwt), Wen - WA

Ñ C- [We , wth ]

= > f- 1W++ , )
- Flwt) ≤ h Flwt) , Yjxj>

na
L /Iwet , -Nelli
"

,

=
-hth

≥ 11%11,2 ≤ -h +him
EM

Take the sum for -1--0, _ i. , T

KIN-1+1 - KIM) -1 HWT) - Flwy_, )-1 . -
= Ftw-141 ) - F two ) ≤ -HT + Th'M2
since the number of steps

at
perceptron does not depend on h

We have that
É Hmm -W* It- ÉIIW*It ≤ - HT -1 That

we know that 1hr* 11 ≤ I

*≤ TÑÑ tillhalf- É 11mn
- Walt

Tn

≤ That#IN¥112 th >°

Optimize over h ⇒ if ≤ WE -1¥) v41/WHIM
≥

1- ≤ brute)yw*ñ 'M= Ink -1¥) 1%5



Logistic Regression Ian example of a
"

generalised linear model ")

It is an example of a discriminative model : namely, it specifies the
form of PLY/✗ = × )
Here, he will assume that ✗ C-Rd , Y C- { 0,1 }
Assume that Pr 14=1 /☒⇒ = plx) - function of✗

Remark if plx) > É ⇒
the best guess

is 4=1 , otherwise 4=0
.

Note that (×, ,
Yi ) is the observed data ,

then Llpcxi)=plx 1- play
""

if the training data is IX, , 4.)in, /✗hint
then L(plxD=¥,

PIXJ)
"'
II-plxj)) )

- Yi

pcx)Y= @
419pm e

É

.FI/9PY)+&.Y-Yj)1ogCl-pcx,.d1ogLlplxD--&=,YjhgP4tkplx
;)

+ £ log 4-pay ) )
5=1

-
"

log odds ratio
"

I :(×, 1) Hrd
"

Mainassumption : log¥,
= <W

,
× > tb = <Ñ

,
I> ñ=cw,b) c-Rᵈ"

high = §,Yj<Fix;>

t.gg/og4-Plx,-DnffE'-,-,=e'""'
=p , =

⇒ 1- phi) = eññ>

Therefore , maximising 109147 is equivalent to maximizing

É,Y;<ÑjÑj> - É ,

/ og IH e
<*it>

)

<⇒ §⇒logl He 'ÑÑ
>

) = { yjñjixj > ⇒ convex

minimize over Ñe /Rd" ⇒ it has a unique minimizes Ñ

peek : a sufficient condition for F to be convex is that

the eigenvalues of the Hessian have to be nonnegative



Let it be the optimal solution ⇒ fix)=¥%¥
Pk) ≥ ± <⇒ eeñ.×> ≥ I

<⇒ huh ,×> ≥ 0

Boosting
G = { 9 : 5--79+1 , -17 } Example will be on BB

Q : what if we look at classifiers at the form
sight9 ,

1- ( 1- ✗I 9.)
,
9
, , % C- Q ? ✗ e- ( 0,11

Recall that our goal is to find some g
(a binary classifier) sit .

Ppl 4--191×1 ) is small
Note that Pr 14=191×1)= Pr ( Ygcx, so )=E I {491×7<0}

Any function f-- s → A can be transformed into a binary classifier
gf = sign (f) ={ +1 , f- 70

- 1
,
f- < 0

Problems : 91hr a class Got function 9 :S →IR , minimize the empirical risk

tn ¥, I { Yjglxj) - o}

Indicator

" fact = e-
✗
is convex

instead
f.1141 = e-✗ 70

function
② e-

✗
≥ I {✗ ≤ o }

Instead
,
consider the problem ñ§= , e-

"' 9""
→ minimize over g c- G

The function 2- t> e-
Z
is convex

, so this can often be done numerically .

Question since V9C-G
, in §=, 94-1 P→ E e

-49*1

it's natural to ask which g minimizes E-e-
"""

over all g
i S→R



Baye's
classifier

Reminder : The minimum of E- I{4g 1×7<0} is achieved for g.G)
= sign /El4111=4)

THI : Let § minimize Ee
-491×1

. Then sign (g)
= 9 *

Boot : Assume that ✗ takes values ×, "a. YK .

[Discrete)
K

Ee -491×1 = ¥,E[e-
""×) /✗= ×, ] Pr CX=xk)

E-[e-
49"" / ✗⇒ = e

""""
Pr 14=11*-44 t e-

' '9""
Pr 14=-11×-4+1

We know that pro -11 ✗ =E) =H¥ poly= -11×-44=1-44×1
let 91×+7=-1where 11×14--1-1=[41*-14] Prly =-4 x=*, = H% -1--1 or -1

Therefore
,
it satires to minimise Flt ) =e-

+

H% + et 1¥41 over + C-R
F(f) >O , F

" HI = f- It ) 70 , F is convex

5-
'
til = - ¥ HEX + e+tY=o

= -11+11×+1) + e
"

11-91×+4=0 = > éᵗ=Y?¥ ,
-1=5-109

F-
" base class

"
•f b.hang classifiers

(e.g. threshold classifiers
)

ProofG = { §=, ✗jfj , K≥ / , 4 , .. ., ✗ k ≥ ° ' f, , . . .fi, E F }
§ ✗j=j

Any 9 EG can be transformed
into a binary classifier via 9→ sign 191

Recall that for any binary classifier h ,
I {Y≠ had} = I{ Yhad < 0 }

y-q.gg
,,

, , ,, ,, ,, , mm,,, µ, µ ,, , ,,,, ,, ,

,
-11 The expression E-e-

↳*' is minimized for JH) log",f¥, , where
N✗)=ElY/✗=×)

sign lY÷¥, ) = I <= > 41¥17, ≥/ <=> 11×1 ≥
◦
= signorina

⇒ we recover the Bages classifier !

Summary : minimizing Ee
- "⇔

over all functions g gives us a Bages classifier
.

⇒ if makes sense to look at the
" empirical

"

version of this problem ,

in ,É, e-
""""' where 14,4, ) . . . .li/n,Yn ) is the training data .

Let G be a class of function ,
and let us consider minimizing it& e-

¥-9'" '
over 9 C- G



Definition : We hi " say that a class F of binary classifier satisfy the following:

for any n≥/
, any 1×1,9, ) . . . ., /✗nisn), any non negative weights W

, , . . . .mn

St
. &W; =L , 7- f- c- F sit

. § W; I {yjtflxj ) } ≤ É
¥Epobability

Remark : If f- E F <= > - f c- F = > then F sties the weak learnability
assumption .it loss f > É

,
we pill - f which is É L satisfied

In É, e-
" i 9451
→ minimize over g EG

Using the notion d- psuedogradiant descent
Assume that , at iteration +

, we have g.+ EG
In § e-

"
'it9th;) to fix;D

Goal : find ✗ ER , f- C- F that make this expression as small as possible
The function f- can be viewed as a

"

proxy" to the gradient.[ The method, gym, type a, mfe.me, * as
"steepest descent

"

methods
,

umm ok
,

> = pi § e- 459
"it
e-
Yjxfcxj )

let Wj = £ e-
"

59111;) > ◦

Then
,
we are trying to minimize §gW; e-

✗Yif"it
over f- E F

,

✗ £ R

If Ñ; =¥¥, so that É
,

I =/
,
then

we need to minimize § ñ; e-
✗Yif"51

Note that §Ñje
-✗ ¥+15 )

= { Ñje
"

I { Yj = FIX;) } + & Ty. e
'
I{Y,- ≠ fix;) }

± §ñye
"
I {Yjtflx;)} = e-✗ §wife

'

-E) &ÑjI{Y;≠fk;)}
= e-

✗
+ let_ e-

✗) & Ñ; I { Y; ≠ flxjl }
To minimize this expression , (1) minimize & Ty. I { Yj ≠fix;)} WRT f c- f-

(2) minimise art ✗

Let en,f (f) = ÉÑj={ Y; 4- fix;) }
p"r(✗= -1;)

Weak turn ability ⇒7 {≈ , }^ja , 7- f- tf s.t.en.nlf) ≤ &



Next , the minimum ✗→ e-
✗

+ (ex- e-
✗) en,ñlf) is achieved

ñ-⇒ogᵗe÷-,
AdaBo
Initialize wj

">
=is

, j-ls.mn , go =D for -1=1 , ... . T do

4)call the weak Learner

Iii ) NL outputs fest. en,wH) (ft ) ≤ É
liiil 4=-49 '¥¥i¥≥o
lid update the weights

w;⇔=wi"e¥¥¥ai.mg tutor
2-+ = §W; e-Yi41-+4;)

Output gi=É,✗_
÷:&

-heorem_ Assume that for my probability Wi
. . . . Wn ,

the WL finds f
St {wj I{y

,
+fix;) } ≤É - r

for some 2>0
.

Then the training error of AdaBoost satisfies

in { I {Y;# sign (x;D } ≤ e-
" r
"

Proof = in { I{Y,- ≠ sign (gig)} = & §±qy, ay, xp so} ≤ in { e-
Yi 9%4-1

= -1 § e-YiÉ&±f-11×51

Note that with" = in eY¥&;ti"
e-
YJÉ ✗ i fit✗j)

= n TT
,

z
, Wj
"")

☒
+

= § W
,
H' e

-9 Yjttcxy

= e-
✗+
+/e4 - e -4) & Wj

"'
I{ Y; ≠ fix;)}

Plug in at = É logtenH
ennui (te)

Enn"' (ft/ = § wit' I { 4
; ≠ #*, )}

2-1-=ÑÉÉwwÑ
YET≤ zEHÉH

FEE on bb
. .
.



Regression and Linear Regression
Assume that I can take values beyond 9-1,+19 Cor 90.13),specifically
assume that Y
· I will be called the "response variable"
The goal is to predict Y based on the observation X

·xEIRd, the coordinates of X are called "features".

·X is also called the "predictor variable"
predictor
-

*ample Predict the final exam grade: * base on Imidtermgrade,hur,
andthe

Reminder: The condition expectation of 4 given X: X, denoted 4(x),
-

minimize E(Y- z1*
Y(X=x

In other words, (x): E(Y(X = x) is the best functional approximation
of as a function of x

x
Mathematically.
M(x) minimizes ECY-fix over all functions fo

Given the training data (X,,4.)..... (Xn. Y), we consider the problem of minimizing
↓E(Y, - f(x,)l over faF

·tion: Let In be the solution of the problem. What is ECY- Fn(x)) "c
Y

r

Note that ElY - f(xk:E(Y- M(x) +n(X) - fa(x))
"

orthogonal *
= ((Y- M(x)) + E(q(x) - Fu(x))+ 2E(Y-M(x))(n(x) - f(x)
- E(Y-M(x)(

"
+
E(M(x) - fn(x))

" -

=E(Y -n(x)1+ F(M(X)- F(x))"I approximation
error ↓o

+ E(F(X)- FnIx)Pa training error ( ((/Y-4(x))(M(x) - f(x)(x]
((Y(X) =q(x)

-



app
error

comparison -6 Methane -4" " 5ᵗʰ"
'"'"

'

µµ⇒u?⃝Y : ✗✗ 1- B + E , Enrico, 64
MLE of IX.B) is given by the solution of

tn & / Yj - ✗
'

Xj - pi)2 → minimize over &
, P

'

.

Fact : If 14, ×) has bivariate normal distribution ke
E- CY/✗=x) = ✗✗ tb ! <

Error darompisitoon in linear regression

EIY-91×112=-4-14-11×15 + E- 19-1×1 -71×17 + Eight - g-1×35
ÉG

In statistics ,
a common assumption is that IX. YI

has multivariate

normal distribution .

In this case , nlx)=<w*,×> + b* is a linear function at ✗
,

and't is normally distributed . Y
= <w* , ×

> -1b¥ -1 E

• Allows to do irtarlmi build confidence intervals / test statist hypothesis .

Solution of linear regression problem
G-_ < gw.gl× ) = hw

, ×
> +6 >

Goal . find ≈ , I that minimize

it §= , (Yj - <w , ×; > -b)
'

over WEIRD
,
b. C- IR

Sinpily :ÉiR&
"

.Ñ =/arts) Rd-11

<ÑÑ > "" ✗i>+b,?⃝Let ¥ --1¥;) ¥ -1¥

( Ya - < ii. w>÷:÷=÷×i.



Then in § Hi -<ñÑjÑ='ñHE-*ÑÑ = Flu/
If = (✗

' "/ ✗ " '/ . . ./ ✗"
+")

think -4W , ☐Hurt
- Hi

ECW) : -2 14 - *ñl=0

¥)Ñ = ✗ TY Cnormal equations )

If I
'A) is invertible

Yktpmldt " , n > d-11

YA
"

YX € /Rd-11
✗ dti

i. Ñ = (*
'-

*1-
'
*TY

6ntnmi.in= (FX) " ✗TY if ✗Tx is invertible.

<= > (✗_¥ñ = ✗TY

Y

Ant = b

XT✗ = 1×-1×77⇒ ✗Tx = V1 ✗ Vt where V =/ V1 /in /Vp' is a matrix of eigen
Ñ× = ( '

.

xp
, ) ,

Xi . . . Xp - eigenvalues.
hectors .

VA
✗ VTÑ = ✗TY Sinn VTV = Ip , Axial =# is Ñ = LXTY)

-heRidgeRegressi
Let ✗ so - the

"

regularization parameter
"

it 11T - Y.tw/litxllwl1i- > minimise over weird"

m

regularization/penalty
term

Tikhonov regularization
f- (w) =ñ HI -Kwik + MIMI

☐ Ftw) = - % YKTIY-*w) + ZXW

-0 Ftw) = 0 < => 2-nyiy-2.AT#)w-dW



i solves the system
*W+ x1.W = MY <=> (*K+ XIN=NTY

W = (**x+x1) "*Y
If NT* = VMxUT, then NTX+X1=V(K+ X1) UT

Numerical Instability Problem disappears,but need to pay attention
to XIIWI

Polynomial Regression (linear regression for polymonial functions).
Assume that (x,4) -RXR

G = 9P(x) = Gotax + +90x9, 9o"adERY
feature space RF Rd

Hea: create a mapping xh,.., dd ⑭
(X,M,). ... (un) -> (Y, Y.), ... (K.. Yn)
<W, JS = w, x += th+Wexd

Linear regression problem corresponds to solving tYN,x)2
Also the idea of SVM

Non-learnability of Linear Regression
Let (x,4) -> RXR, and G = 9 fw(x) = wx, WERY
What does it mean for G to be "learnable" 7

It means that I an algorithm A, sit, for any distribution over (X(%), and 2,830,
1n=xC9.5), such that forall n < n(2.8), A ((x11 ...(Xnifn)) outputs it sit.

#(Y-2x)" -min E (Y-NX)+9 with probability 3, 1-5.

Emple let 9 = 0.01, 8=0.5, n3n(9,8)

let M = ti). Consider two distributions, pp
Y= -(

P:
F=+

↳ 3 Oz i ·
is

=0

pesY1=(M-D =)Pr((ix) = (/,0) =M

Pr ((X,Y) = (.-1): 1-M



For P1, 0rX, =X-...Xu FM= (1-M)"3 evn =0.99

Since 1 x 2
M

= 1 -2n+=Hatzi
1-M 31-24+29" whenMo

For P2, PrKX=.mAn =m) =)

We don'tknowwhether the observation comes from which distr
=A will produce the same output in regardless of the distribution-

ii) Fivala, then 414-2XT=EH-indl Irela
>(=t

But win (y-Nx =0, for m = -

(ii)/ivals We Consider P1: Ep. (-2nX/=MCO-+Iup

But minEp, 1Y-wxP = Ep
-osnmair

He'l Ins =)th-Ch > 2= 0.01 for a large enough

mark: (a) To make the problem learnable, we need to assume that

(i) 1/ x1k [M (textbook details
(ii) (ull ER

(b) Compare this to Gaussian linear regression:
v = xx + 9,x,9 are independent, normally distributed, the no assumption on a is required.



Artificial Neural Wets
· Feedforward mental networks

↑

O

(N. E) - a graph to I
A typical graph v= Vt

to

or modes

a set ofinedges oo

EWELBOEtout
To the depth ofa network

V4

Each edge in E connects a ventive In Ve to a vertice in Vt+ for somet

Nodes correspond to "artificial nevuous".
Each neuson is modeled by an "activation function" 6:R-1R, such as

(a) 0(x) = 19x30}
167 0(x) =-

He*(sigmoid F
(2) O(x) = Max10, x) (ReLV, rectified linear units). E

Let Otix) be the output of neon is in level - when given input x+Rd

By design, P0jx) = x,,000+(x): 1. The input to this (5th neuron in layer till

edge

C++j = [W(Itir), Htt),j1) Ot.r(x)

ooooe Oo, 1 (x) =x

-

5(Vt,r.Ut+,j) -> E

00.2 (x) =

9.
I
=W((0.1),(1,1) x + W(10123,(1,1) - I

9
,. z
= W(10.1), (1,2) x +W(10.2), (1,2)

913 = N((0.1), (1,31) x +W(10,2), (1,2)

Apply activation function:0.
.= 0 1a...) ,0.2 = 6192), 0..2=0cans)

92. 1 = W((I, 11, 12, 16 0. 1 + W(li2), 12.1). 0.2
+ W((1.3), (2,1). 0..3

Explicitly: 0c. 1 = W((1.11.(2,1) GIN((011).(1.11) x + W(0123,(1,1).1)
+ W(1,2), 12,11) 6/W((0.1), (1,2) x +W(10.2), (1,2) -

+ W((113, 12, 11) 5(W((0.1), (1,31) x +W(10.2), (1,2) . 1)



GvE.o = 99V.Z0N, N:EFIRY Groph representation

Question:how expressive can these classes be?

In. Let f 10, 17-> that is continuous

Then UECO, ELVIE) and weights wfIRE, such that I9vx,sm(x)- f(x)69,
UXtto, 1].
We will take O(x) =19X304,

I9xE(a,b)3 =6(x-a) - 0(x-b)

"A OtaSori
1930, IK and 0 (x,...<x(() s.t.55xk, (f(x) - f(**) I xE

E
for xt[Xj+,Xj)

#(x) = 0; I9XE[X5, xj)3. Here, ag
=f(**)

Therefore, f(x) =1,,,a,(0(X -x,1) - G(X-xc)
- aj0(X-X,1) - 2aj6(x-x)
=a0(X- x) + 2(aj+ -a)0(x-yi) - a,0(X-Xx)

YOROri
I hidden layer un can approximate and continuous function.

final; given the approximate it with un



Gradient Descent of NN &= 99VE, 6, m, wERIES
Goal: min F(w) =tE,lY;-9wIX;)Rover NERE
(V,E),v =Vj,V+ =(v+,1,...,U+,ky),W+ -1R++xk+

~

(W+) ijj = height on the edge blur Veti and Ut,j OFROcwisTW =(N0,...,W++1), F(w) =c1(Y, -qw(X)

+ tH
Pick some +, i <k++1, j <k

wei, F(w) = E,19w(Xy) -Yi) EtWdij9w(X5

Ex. (a) T =1
=> no hidden layers

input Output 0 layer

gw(X) =0 (wo. x) = 0 (No. 00

On a gr(N= o'lwo:00) 10,T
2(Wo);

Uw9w(x) = 6'(Wo .00) Oo

EXC:

OI
hidden lare

C&o -output of layer O

I 0. =0(wo0) = 6(a)) = C · sswo.""orres
a. = Nodo-inputs of layer az =W,0,

a =0(a) =6(w,0.) =0 (w,0(Wo00)

09w =0'(w,6(No0) . O,

Differentiate wrt. No 09wo =0'IN,6l0owol N, 6'1005000, where 6'00W0)

-

= 78'KW.3,100 CRemark W+tIR1x151, Kt: #o nodes in layer
⑤KaWat,Oo

(i) -(1z...k+)
Ott1R++ -x

C 0
o

....

O

o I - O+1O or
T

O 8 8+
-1

Then W+Ot-1=Oty Wt



Ingeneral, woo (W+10(W+-2( ...0(W000) 1
= 6'IW+10+1)w+10'(W+20+z)x... x w.o(woo00


