
General Optimization Problem
min flx) • K admissible set

✗C-KER
"

.
f is called the cost functional

Def : A vector V B said to be an admissible director at a point ✗ tk 'it

1- E >Oi such that ✗+ + VEK
,
V-t-EO.cc]

Note : it ☒ C- Interior/K ) the all determinate admissible

First Order

Necessary condition for local optimality . but does not guarantee
Lemma_ : A point ✗ is a local min for a function f-

,
then admirable direction V at ✗

y f- ( ✗TV ≥ 0
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Leung lsewnd order NC ) . If ✗ is a local MMTthen for any admirable
direction it pflx>TV -0 ,

then VHF (x) V20

Let fix = ctxtd
,
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, CER
"

,
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If ✗◦ C- interior K ) , the ×. cannot be a local min of f.

Observation: It ✗ E int ( K)
, then FONC implies it ✗ is a local mm for f

then tHx7=o



Second Order Sufficient Condition :

Theorem
.

If 't is an interior point of K and ☐Hideo , then

Hflx) > 0 implies ✗ is a local min of 1-

1-4×7>0 <= > 1-1+1×1 is positive definite

Proof : fix-14--1-1×1 + ÉÑHFIXV-10111Mt
to small 0 - notation .

f- 1×+4 > 1-1×1

Note : If 1-1+1×7>0 ,
7- [ so

, stv-H.pk/VICVTv--clMli

Algorithm for unconstrained minimization <⇒ searching for critical point ☐flu = °

Gradient Descent Methods . Let ✗• be given ✗
✗+,

= ✗
k
- da ☐the )

XK : step size

1) steepest descent : find Xp st f-(×,
-×fC✗, ) ) is minimized.

2) Fixed step size , Ak -_ ✗* Inhat he 'll use )

Quadratic Functional
let A be a positive definite matrix . A quadratic tune-1mn has the form .

fix)= ÉXTAX
- BTX

, b E R
"

☐ tix) = Ax-b ✗
*
= A-

'b Hflx) -_A?⃝µ, ,, , µ, , ⇒, .µ,, ,, µ , , ,µ ,,
>
0fl✗* , )

"0/-1×+1--0 ?⃝⑧(A ✗ ka - b) TAX, -b) to

XK



Algorithm for Unconstrained Optimization.
Gradient Descent Method

✗
◦ given
✗
Kt ,
= ✗

k
- Nk ☐ f-(Xx)

Special case for fix) =#Ax - b'☒= ÉIX-E)
+

ACX-✗*)-11

✗
*
=A-

'b TF
1) Steepest descent , choose ik smh that flat, )=f(✗¢ -✗* ☐ftp.t) is minimized

sufficient Condition - ☐

flxy-i.JO/-lx1=0vfTxF--Ax-b(AlXk-XklAXp-bD-b'AXk-b--0(AlXe-
Xkgk)-b)Tg ,<=0

( A- Xp -b- AKA9kt9k -- °

*+
= step size for steepest decent.

(g[ÑA9ÑgE0

*i-:¥:
V(✗µ , )=V (E) (1- rk )

Note VM=c✗ -✗
*YAH -✗ *) with A >0 positive definite. V(✗1=0 ⇔ ✗ =✗

☒

For the algorithm to produce a converging sequence of XK ,
we need ¥y•VlXk) -0

vlxkt-VLXYT.nl/-rj)-#i convergence requires. t.i.mjj-I.io- rite

theorem for ◦≤red
,
the kings 411-91=0 if É,k= +•

ᵗʰ
¥5s ⇒ 11-5-1=0 ⇒ ¥4b 1091%+11-4-1 ) = - •

K

= 1€
,
log ( tri ) ≥

-

¥, ri "F logy-r;)≥ -rik

⇒ ¥7s ,EY,- = to



912

in
u(x) = (X-x*)A(X-xx),9=0f(x) =A(X -x*)

V(xi+1) =V(Xy)(1-v)
= (A(X-**))A"A*T-

(Xk - x+9x -x*)A(Xx-M9x -xx) =(X-x*)TA(x -xy - 2x19A(x- x*) +xgAgk
= Vxbl**-Ng,AT C(
-

rk

Vk =2Mg,A(X-x4
- x9.Ag,

=x,(25-**gAg
Steepest decent

For stropesdement approachengi =aismaximis

Let r be any vector in IRW

v= E,x,.Up, V., are eigen rectors of8 CUTME
l

VAv =

1Ex,x

Ar = Ex,AVi =EV
eigen

smallest eigen

A

k =1 NAminordicxigtest eger value
Aman*arc,tx

=

&minior EXmen,

V

Gradical DescentMefhoel
Xk+ 1

=xx - xkpf(xy)
w
9
K

Quadratic case

f(x) = INTAX - b'X. A>O

① Steepest Descent v(x) =(x-x*)TA(x-*)
xk =9is V(Xk+1) = V(X()(1 - r)

Always converge saian
5 -XAgi(2,TAEUk?-



FIFE ≥ Imax if ✗ < Imax , rio

Pinot.

11×1<+5×71--111. _ "% - ✗71
= HXK - ✗* -AAH -14111
=/III - ✗A) Ix

,
-✗
*111

Eigenvalue of I - XA has the form I - idk

Then the eigenvalues of I-XA satisfy / 1-AND < I
let a = min / 1-✗did .

I/ ✗*, - ✗HI ≤ ✗ 11×1.
-✗¥11

I ≤Ken

so if ✗ = Im, , the solution converges .

Conjugate Gradient Method

DetmitN Let A be a positive definite matrix .
A set of rectors

{ 9 , . . . . . . % } is said to be A-conjugate it 9×-1-0 , qiitq. -0

when k≠j
"

Conjugate Cendant Method
"

: Let q, . . . .qa be A. conjugate .

Let us consider minimizing fix)
= ÉXTAX -b-'✗

Let ×
,
be given ,

we define ✗⇔ ,

= ✗
K
- ✗ k9k . A. is selected to

minimise f-(✗Kh )

Then ✗na = ✗
*

How to find Ik i NK is optimal if Pfc✗µ , )
T
. 91<=0 l perpendicular) .

vAx¥-b-Xk+ ,

-✗*)

AIXK -✗k%-✗
*) = Alik -✗*) -

'

Na A.91<=0

TH (9*-141-9,79+-0
* = "¥¥Aok



* =:÷÷.

= %¥¥:e= '

a

= :÷:÷÷lefx.begiea.thenxi-H-qdkqk-t.FI?:N#.--.
✗,
-✗
*
= ×, - ✗

* -11,9
,

=L '

= × ,
- ✗* - ✗

= É⇒9dk
✗3-✗

*
= É→A9k

he linearly independent . Xny ,
-X
" =D

¥r Programming Algorithm
• Gradient Descent Method,
• Conjugate Gradient Descent Method .

Min f-IN
, f- ( x) = ÉXTAX - b-

'
✗

A >0
, positive definite

Def : A - conjugate { d. " " dn }
d;TAdj = 0

Why A-conjugates are 2. I
.

Show §⇒✗kdk =D = > 4<=0 b- K

djTA(É⇒Adk ) = 0

ii.djᵗAdk = ✗jdjtAdj , g- must -0

Let dim .
dn be A-conjugate

✗1<+1
= ✗

K
- Adk

9k# tdk ,
9kt , = 9k -✗KADK

9ii-udk-0.dk = d9÷ Xn+i-X*



conjugate Gredrent Method thats practicable

×, given
,
d
,
=Tfl✗, ) = 9 ,

At step K ,
Xktixk

-Adk
.

✗
k
= ¥A÷ ⇒ 91<+1--9×-4

_Ada

⇒ 9 = Adk
d*i9*. -11¥.ir?-::-ldFpi-!I:::Mothatedbydii,Adx--0#njdin and dk

Lemmni For all nk.k-t.mn ,

and i ≤ K
,
then

• 9%+91--0
• 9¥,

d ;=0

•dÉAd'M

Proof : Induction hypothesis - for k≤m ,
all 3 equalities are true

.

Take k = m-11
,

I ≤ mtl

9Tm+, di = {
0

,

Emil

1 i am-11

di 19me,
- ✗

me Admit )

9%1,9 ,

- =0
,
i≤Mtl

(gmt,
- AntiAdmit )T(Piydi-1 - di ) =o

9%, di -0

dÑ+zAdi={ 0 ,i-m-l-9m-z-Bm-idm-ATQdi.is mtl
"
◦

em mm . _ _

Conclusion : for conjugate gradient method , ✗n+,
= ✗
*



☆

For non - quadratic functions
✗2--11 , -× ,

'9 , g,
=D

, =0fC✗)

Use line search technique to find a

d. =%É÷ , 9? Ag, = 9T¥
for non

-quadratic function
d. =g , = ☐ fun

xx-i-XEM.dk ✗ k
= ✗

K-1 %ᵈgI,9++1=0%-1. )

91<=01-1%1 dktl = 91<+1 -Bkdk i Bk=%¥¥¥g
turns out : 9+-9+-1

= Ade
_

=

"

↑
not the one we want to do

.

Non quadwtm.com
"

doesnt work well .

Either ×
,
is obtained through the search then,

this is

out of
→ Pk = '

,

,$d§gI
✗

Denied from 9,idk=9É19k¥-idk-1)
no
where

9¥d⇔=°

É
a. = %;É%÷¥=%¥; = ;i¥% =p.

- similar to quadratic case , the convergence rate of gradient descent & conjugate.

gradient method is linear .



Newton's Method :
✗ o is given . ✗µ ,

= ✗
k
- t.fi/k)-'◦ of(✗+1

T¥ : Let t : R'→ R
'

to be 3 times continuously differentiable
Let ✗

*
be a local minimum for f with the properties

MI ≤ Hfc✗
*) ≤ MI ,

M
,
M >0

Then 7- E >O and K >0
, s.t.lt I /✗◦ - ✗ *11 ≤E ,

the sequence
✗
µ generated by the Newton's method satisfies

.

11×1<+1
-

✗ HI ≤ Hlx. -✗*112

Advantage : converge faster

disadvantages : expensive to compute Hf .

hard to estimate 2=>0
Hflxkl- ' ◦ ofHk) may not be negative .

Quasi Newton↳ Method
Main Ideas :

1) Replace Hf with the = Hflxk ) -1 ✗I
choose ✗ large enough so that the is positive definite

2) Replace N by ✗1<+1
= ✗
k
- dk HE

'
• ☐# )

3) Approximate Hf using 9k , XK

9 +
= of/XK)

. 91<=-01-(11+-1)
og = 9k - 9h,

= if I✗a) - ☐fl ✗
*,) = Hf(✗Ky) Hk -✗*,)

to(11%-11×-11)
Look for Hk such that 091<=1-1,0×1, Tisualb drop this

Hk has infinite possibility
we can generalize this requirement to
Ogi = Hkoxi , i≤ k constrain a bit -6 get an unique H,

find a positive definite matrix Bx . sit .

Bk 09; = ☐✗ i i≤k

inverse of Hessian



Requirement for updatary Hk+,Bx+
· Hx+10Xk =N9K ricBoo
Bx+ 1 09k =0X
· Hk+V = HIV, VLOXp n =09k

Bk+1 V= BkV, vI09k Hk+1 = Hp +VnT

· Hk+= HitUUT, MiVtIR" Leto be given such that wogp = 0

-
" BkH1 = BK TUT BkxW= Bkw +V0g,w = BiW

rotometric
Bk+09k = B409Tog,10x10915091 -B,09,09.091) =0Xk

jFor the first step, need to find B, such that

Bog,=0X,, BiV=BoU, V109,

Rank 1 update
B. = Bo+xvnT, n.VERU

Le

[d,V, MoU, .... Unr] rank one matrix.
all linearly dependent

-

SGD) Stochastic Gradient Descent Methods
nonlinear least square problem.

For find parameter w* Gradien Descent
~ ect

prog S wini13-f(xx; n)( Wi+1 = Wk - xOwJINk)
-

J(N)
=Wk+2x,E(y,-fix,iw On f(x,

SGD

WkH1, iH = Wh,i+ x (Yi -f(xiiNl) OwfIxi,Wk,i



Non-linear programming
Quasi Newton's Method
Let X0. Ho be selected with 5070

For each step K, define or 1I9H = 9

1) 9k =0f(x). dn:-Hugk, stop if 9k = 0
2) find XK to minimize f(xx+xdx), xk+1 = xx**kdic
3) 0xk =xkdk, w9p = gk+1 -gK
4)Update Hi HkH=Ha+UaU Uet RU

such thatHk+109k =0Xk

Hk+09p = Hk09ktUpMTO9k
w

= ΔXk BK

Hk+1 09k -wXk = B1 UK
UnUN9k

=b,,(x0gx - aXx)(Hmogq -OX)o9k
We need B,1H,109a - cXx)w9k = -

pi = 091-09..Hi9i

trem If the construction ofmatrices its in the quasi-Newton's method

has the property Hx+109; =0X., for i =0
.....
K.

when applied to a quadratic function f(x) =x"Qx -bix
then the direction di are a-conjugate for i=0

....
K, if vi0, i=0,.... K

-fx)
=Qx-b

Proof by induction
0 90 = 91-90

&
case

I

nee
= Q(X,-x)
=QUX0

diado: -9,TH, Qdo =-g.TH,a = -9,TH, 29 =-gio =-9,"do to
because to is the minimal

Assumming the conclusion is valid up
to k-

d'+"Qd" =-gl+"Hi
+
Qd, =-glk+"HarQ=-gItYHit=-gIkHoF=-glk+ldi =0



For quadrate functions

if ✗ ◦
- ✗
*
= É
age1<=1

✗i -×
"

= £ ✗ ice
Kei-11

Gi = Al✗i - ✗*) = Éµ, ✗ KA 9k
g. it9j=0, j ≤ i

DFPAlgoñthm_
1) ×, and Ho > 0 are selected
4 For each step 91<=01-1%1

, step it 119×11 ≤ E
dk = -Hk9k

find a = argmin f-He +✗did
OXK= ✗Kde

,
096--91<+1 - 9k

Hkti = Hk 1-%, _ (Hk%HHao9↓ lHk09Ñ114×09*1
may not be positive definite

To avoid non -positive definitema"" that ,
we replace Hku by HaiXI =>BFGS

theorem for DFP algorithms Hk-1,09; =oXi
,

when f is quadratic

summary
- Gradient Descent
- steepest descent

- fixed step
- Newton's Algorithm
- Quasi-Newton's Method

-

Conjugate Gradient Method



Linear Programming
Linear Programming Problems .

minimize it× , c. ✗ C- Rn

subject to

G ✗ + f- ≤ 0 , G. Rm✗^
, f-ERM ,

A-✗ - b
= °

, A. IRP
""

,
be IRP

EI . A vendor is making fruit juice . He has 3 main ingredients ,
passion fruit juice , orange juice and honey . He makes two kinds of drinks

passion- orange and sweet orange

Let ×
, ,
✗
i be the amount of each kind of drink to make . Let C, , and ca be the

unit price . The total revenue is given by
C.✗ , +↳ ✗z

The use of ingredients for each kind of drink is given by
Ai, ✗ it Ariz ≤b. Passion fault \
A
> ' ✗it auk ≤ bz orange

- total anoint
P"

a, , × , + a,,×, ≤ b, honey
/ """"b"

sweat -0M$ A
, , Azz A

32

✗i. Xz 70

Standard LP

minEx subject to A-✗ =b . A ERM
"

,
b ERM

,
×≥ 0

and A is rank m - (⇒ n≥m)

Techniques of transforming LP to standard form
11 Add slack variables

.

min EX subject to Ax≥b , ✗µ ⇔ min I
,

Itis)
"ER
"

yERM
E-
_(f)

A✗+Y=b
, ✗70, y >o <⇒ Ñ :[A Im]^✗

inequality to equality . =b

2) mini's subject to A✗=b,

⇔ ✗⇒
+

- ✗
_

, ✗
"

x
-

C-$ , ✗Tx
-

≥°
,

min Ext - CTX
-

subject
to AH-Ax-=b



Basic Solution

Definition : A feasible solution
×
, i.e. ✗

satisfies all constraints . is said to be a

basic solution if it has no more than m non -zero components.

Throng LFundamental Theorem of Linear Programming)
1) If a LP has a feasible solution

,
it musthave a basic feasible solution .

2) If a LP has an optimal solution , it must have a
basic optimal solution .

Proof .

Let ✗ be a feasible solution
.
That is ✗ 70 , Ax=b . Suppose there

are p components otx that are non- zero
.
If p ≤on, then ✗ is

basic
.

If p >m , WLOG he assume × ,
, Xp #

° Let A ii.Ap be the

first p columns of matrix A. Since Ai
,. .
_ Ap are linearly independent.

7. & ,
iii. Xp , not all zero, st ¥⇒✗kA1<=0

let a-↑
'

g) ,
for any A. Alxtix

) - b

A-✗ = §⇔ Ak- ✗K --0
Let j be selected such that /¥, / ≤ / \ ,

1<=1. " " ip

Choose ✗ st 1×1=12%1 and Xj -✗g- = 0

✗
k
-1×4 ≥ ×

, -1^4.1 ≥ xx - 1¥14. ≥ o
✗ + ✗ ✗ has

p
- I non -zero elements.

Proved .

Proof of ②

Let ✗ be an optimal feasible solution CTIX-1×4 = c-' ✗ + acts

since ✗ is optimal , this implies i'✗ =o



Linear Programming
Simplex Algorithm
Standard LP

min EX

subject to ≥ 0 Ax=b , Atipixn
Rank (A) em,

theorem
. If LP has an optimal solution , it must have an optimal solution

.

min 3X
,
-12×2-1×3 -1211¢

Subject to ✗ , ¢2,11b
,
×,≥ 0

✗
,
-1 2×31-2×4=4
Xz - X} -13×4=3

possible solution : ✗1=4
,
* =3 , ✗3--0 , ✗4--0 , CTX = 18

Let ✗4=0, we get ✗ ,
-12×3=4

plugin ✗=/8 -1 (-6+24)×3

✗2-×> =3

×, -12×4=4 -3×4=2
let ✗50

,
i'✗= 18-11-6 -6+21×4 from K -13×4=3 →

✗4 has priority to be changed
new solution :

✗4--1 , ✗ ,
=3

, Xi0 , ✗3--0
, CTX = 8

✗, -124} -12×4=4 ⇒ 11-3%-25×2 1- (2-25)×3=4-2 =) ×, -52×2+54×2
,

✗z - X} -13×4=3 5- ✗z - 5×3-1×4 = I jxz
- 5-×} -1×4=1

Opt 1. Keep ✗3=0 ( Tx = 3×1 -12×4-2×4
←
312 -154s ) 't 2%-124-15×4

= 8-1 ( 2-12-57 ✗~
{
×, - § ✗2--2
5- ✗a -1×4=1bad option -



Opt2 keep X2
=0

x+5-Ys=2 ⑮
ciy =3x.+xz + 2xx 9 - s-Xs +Ax =1 no constrain=3( -Xz) + Xs +2)1+ 5x3)

= 8+1-4 +1 + 5)X3

X=0.xz =0,xs=E,xx =z.(X =kx +3c8

New solution X. =0, x2 = 0, xs = 2. Xy:*

X- jxc+xs = 2 =>EX, - tX + xy=Fz
*xc-5Xs+ xy = 1 #x. -jxz + xy =1+E

Lat
Xz=3x1+ xc + 2Xy =3y,+1E- (X) +217 -yx)C - E3 + 13 - - )X, >O

Let X, =0

cix =2x
+E+ (y) +2+y)=1 + 12+2+X- 50

This says is the optimal solution

③ Basic Simplex Algorithm
Starting point Let i. .

. . .,
'm, such that Xix O

k=1, . .. , m, X5
=0, j#1, . . .

,
im

A: TA, . . . .An] Ain = ex =1f with now
By keeping all x5=0, for jti, .... in except it, then
the constraints have the form

and
xix +AxxXjy = bx,k =1,....,m,

cTX = ECiYip + Cj+Xj4 = (i(by -A+Xj+)+9jyyjA
-Cirbit ickAkjx)xjA



continue with that example
3×11-2%-1 ✗s -12×4 {

×
, -12×3-12×4=4
Xz - ✗ is -13×4=3

E-(3) . A- =-11022 ] be (g) i. = '
0 I -1 3 is = 2:

RanklA) im , Fi, , -n.im it
.

A;k=C← ,

Kalinin => ✗ik-vbk.xi-0.j-ii.n.im

Algorithm consists of finding a new basic solution

step 1) For each jti, . . . . im

✗ i
,
+ §, Akj ✗j= bk , K =L, . . .,m

New cost

( TX = §, Cj Xj -1 §=, Ciklbk - É, Akjxj )
j-tii.n.im j-tin.im

m

= É, I g- - §.fi" Ak;) ✗j 4%⇒ci?⃝j-tiii.im
-5

if all g- are positive or 0

Evaluate rj±iAj the current basis solution is optimal .

step 2) Lot g- * be such that . g.
*< 0 and rj* ≤rj.V-j-tii.n.im

.

We want to keep all other g- ⇒ j=-jt and find the largest value for ✗j*
✗ik -1 Akj + Xj* >b,, ,

1<=1, . . . in

If Aig? >0 . Xj* ≤ 1b¥.
It
'

for all k
, Akj* ≤ 0, then the problem is unbounded

. i. e. minix = -

Otherwise
, ✗g-*

= min b¥* , Akj* > 0

New basis solution
. has the property that

✗ i# =0
,
✗sit =

.

step 3) Using Guassian elimination technique to transform the constraints in

^A✗=^b St
. Ñj* = ek*



Divide tithe row of matrix A by Ak*,j*
⇒ Subtract from rowk , the A+

,
-

* multiple of the narrow k*

€" "" ""
"" " " " "" " ✗ "" *

?⃝subject -6 ×
, -263-12×4--4 Ci C

,
O Cn

K - ✗ s -13×4 =3 Ci
, / Atif n

b
,

✗i XÉ

4×31×4
b Cin Ami Amn bm

Ci 342 -1 2 r I I# Éyci.ba
Cii =3 I 0 -2 244q, ◦ , , , g g
r "

I ↓ 118
-1-(-2%-2) 2 -12×3-2×3

j*=4 ,
k¥=2

*
Ci 3 2 -1 2

[it =3 I - of -1-1} 0 2

q, § , ⇒ , ,
r# I 1%8

SimplexMethod
Minix

subject to ×≥0,Ax=b AC-Rmm.be/Rm
1) b ≥o

2) 7- I, , . . ' / in Aik = ek

Tranformng General LP into standard form to start simplex
Algorithm



1) Making RHS of inequality constraints to be non-negative.
2) Change inequalities to equalities .

A. ✗ Tb ,
As ✗≤ b,

=>
A' ✗+ Y =b, y >☐

Aax -Y - buy 30
3)

.

Change unsigned variable to non - negative carbide
✗= ✗

+
-✗
-

, ✗Ix
-

so

4) Change absolute Value -6 non- negative variable
✗=xt- x

-

, ×
"

, ×
-

so replace 1×1by ✗
+
1-×
'

5) Adding anxilarg Variables and solve the Lp in 2 phases
min c-'×

subject -1. ×≥ 0

A-✗ Eb > 0

A) mih Em Dk
kit

subject to ✗ so , y ≥, ]⇒
①
unbounded ✗

@ Has a solution y≠o

AX-1g =b @ y-0 is an optimal solution
b) Onu ve have I with m

basic component, we can solve the original
problem

EX Max ZX
,
-15×2 ⇐ > min -2X, -5×2

subject to ×
, _ xz ≥ 0 9, ≥ o g , ≥o y}

≥-0

✗
, ≤ 4 ✗ , -19 , = 4

Xz E 6
= > Xztyz = 6

✗i -1k£ 8 ×, -1¥ -193--8

a-

ii.÷
.

_ "

1=-1%1010 ' °] / Ts,Dz
Ys
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Duality in Linear Programming
Standard Primal Problem /Symmetric form, Dual Problem

min Ex max BTX
subject to ×≥o subject to ✗ 40

Ax≥b .AE/Rmxn/bERm ATA ≤ C

Ex mih 3×1+2×2
- ×
}

Subject to ✗
1) Xz , ✗370

2X
, -2×2-13×3 ≤ I

✗
, -1×2-5%73

Standard Pakal Problem

c=CÉ ) , A -4T ? Is) bat's)

Dual Problems
may -X

, -134

subject
-6
- 2d

, -1
×
≥ ≤ 3

✗ 1+112 ≤ 2

-3N
, -5A, E- I



Ey min ✗I -12×2 Standard Primal Problem

subject -6 Kik ≥o
✗ , -15×2--10

=>
✗
,
-15×2710

×
,
-2×2 ≥ 1

- Yi -5h≥-10

✗ ,
-2×2>11

Dual of Dual LP
min -5A Dual again Max - ÉX m.no?x

15
'

that> subject to I≥o → subject to
✗ 70 ⇐ > subject -6×70

-ATX ≥ - c -Ax≤-b Ax≥b

Dual of Dual B itself

consider a LP
mine,

Dual Problem : XTX- c-Rm
Mir CTX

⇔ × >, ◦
Max b'✗ + - b'

-

d-

subject -6×40 ii.×
'

≥o
Ax ≥bAx-rb.AE#m'

^

- a ✗ ≤ → AN - AN EC

F-a) ✗3ft,]
=> max BTX darn↓

standard Prima / Problem
in Asymmetric form .

✓subµxeA?⃝
Duality Property
Let ✗ be a feasible solution for the primal problem
and ✗ be a feasible solution for the dual problems, we
have bTd≤

1111111] [""" I >
b%* Exit



Terminology : let P* be the optimal cost of the primal problem

p*=µ
,
it primal Problem is unbounded in cost

pit optimal cost

+ is it primal problem is infeasible , ie admirable set is empty
.

Let d* be the optimal cost for the dual problem, then

d* =[
it the dual problem is infeasible

d* optimal
+is it the dual problem is unbounded .

EI Primal Problem

⇒

standard form Dual Problem
mm ✗ min ✗ Max a ×≥o

snbpucl to
×≥° subject -0 ☒70 subject -6 -✗≤ I

✗+1<-0 - ✗ 71 d't --A- + •

lirteasible )

Ex
min × Dual Problem

subject to ✗20 Max X ,
-Xz

A-=P, ) b- Ii ) subject a.disco
ox ≥ I 11,0 + ×, ≤

-1

✗ ≥ -1 d*= - is



basic
Simpex

'

Method example 1 1
I

maximize 2X
,
-15×2 QQ As % as b

subject to × ,
≤ 4 I ° I 0 of [%g)xz ≤ 6 0 I 0 I °

✗HE €8 1 1 00 I 8
×, , Xz 70

r
,
= G - Z

,

minimize -2×1-5×2
= -2 - (↳ 9,FÉÑs% ,)

subject to × , -1×3=4 = -2

×, -1×4=6 try =L - Zz

× , -14-1×5=8
= -5 - ( Gym -14%2-14-9}v)=⑤

✗I /Ki} ,Xq✗g≥o Choose he

¥÷=t=⑥
%%=&=8

basic
I 1 I

9%99 9- b

foggy
" G- 7=4-4%+4%+41,

I ° I 0 04 = -2-(01111-510) -101A

0 I 0 I ° 6 r4-icy-zy.ly - (49,4+414-149*1)
I 0 o

- l I 2
:O - (0101+(-5147+014))=5

¥
.

' ¥
.basic

& & As % as b KIT Cy -2¢

"

◦

"

, , _ ,

y [§] = - (544+4%4-14434)
0 I 0 I ° = -104*(-57111-144141) -5
I 0 o

- 1 I 2 f- = G- - Zi
e 2fix)= -34



another way
9 , 9, 9} 94 9- b

bi ' ◦ ◦ 4 [¥
,
]0 I 0 6

I 1 0 0 I 8

CT -2 -5 O O O O

¥÷=ᵗi¥÷=& "
9 , 9, 9} 94 9- b

f f I ° ° 4

0 I 0 6

I
① 0 -1 I 2 ✓

CT -2 0 0 5 0 30

4- us
. F-

9 , 9, 9} 94 9- b

i 1 1 42
0 I 0 6

I
① 0 -1 I

CT O O O 3 2 54

4- us
. F-



Duality in LP

theorem (weak duality ! Let × . × be feasible solutions for a primal
LP and its dual, respectively . Then

, CTX≥ b-'×

Proof : symmetric form of duality ✗40.x≥o
,
AXE b. AT✗ ≤ C

Ex ≥ ÑA✗ ≥ Ñb=5a

theorem : let ✗
,✗ be feasible solution for primal & its dual LP , if

CTX =#b
then
Kd must be optimal solutions for the primal & dualproblem

theorem H ✗*is an optimal solution for the primal LP. then the dual problem

also has an optimal solution.

Phot .
Consider ✗* is a solution of asymmetric form of primal LP ,

✗ 70, A✗=b Assuming ✗* is basic ✗* =(✗§)bet A = [Ab
,
An]

,
Ab c- Pimm

, AbᵗRⁿ% An ape non

Ab is full rank . i. e. Ab is invertible
*

Ax --b ⇔ Em , iii.An][
✗it] =AI b = ✗

is

0

EH-
- ii.¥ e- 1%1
= Cj .Ai

'

b

we
* = (Ai)

"

Cb AT =[A;] .AT/Y=-AiilAiYTcb)-- [ ↳\ AT IAI') ↳ lai
'

An)
r= Cn - A-i. An Cb to ↓

≤ 1%1



theorem let ✗ ' d be feasible solutions for primal & dual LP. problems,
they are optimal if

(E- I'A) ✗ = 0 and AT /Ax - b) =D

Proof : Let primal LP be assymmetric form ,
so XTLAX-b) =D

( ( T -#A)x-D implies CTX -×TA✗=o ⇒ Ex-its-0

Note . for symmetric form of primal LP problem
Ax-b =D 20 y is the slack

ÑY=0 , If we know an optimal solution for the dual
problem if di > 0, y ; = 0

Let ✗*, ✗
* be optimal solutions for primal & dual LP problems.

We want to change the lower bound b for the primal problem to
btob

. Let ✗*to✗ be the new optimal solution . we want to estimate

** +°"
≥(b +oby.it ⇒ CTox ≥ ¥0b



General Constrained Minimization Equality Constraints

min f-◦ (X) ,
✗ EIR

"

Optimality condition , let ✗ be a point

subject to fi (x) ≤0 , I = 1, . . .. , m satisfying the equality constraints such that
hi (x) = 0

,
i = 1 , . . , , p {

•hilx)
,
i=/ii. up} is a set of linear independent

Meters, then if ✗ is a local min for fo ,

Ex f-◦ (x) = ÉXTAX -BTX arndug the admissible solutions , there exists

subjectto Bx = C
, B Ekman, C ERM Mi, .. . Mp st Of + ¥4m. ☐hi 1×7=0 <⇒FONT

Observation : The admissible set is an affine subset S = Xotv
,
BX◦=c

✓ c- Null (B)
din/Null CBD < a
min flx.tv) = É IX. +4TAko -14) = ÉVTAV-1×5But ÉXTAX

.

subject to vt Null (B) .

Let v
, , . .

. ,vp be a basis for NUMB), then

the problem can be formulated as an unconstrained optimization problem.

Special case for equality constraints.

hi (x) = 0
,
i = I . . . .

, P

Let s = { × : hi 1×1=0 , i = I
. . . .> F }

Let ✗
◦
ES
,
we define 1- (Xo ) as the collection of hectors

,
with the property that

VETIX.) , then 7- ✗KES ¥?w¥¥=V (tangent vector)
0 = hit✗K ) - hiko ) E- oh ,- (✗

+
- ×
.)

tin hiHÑ%¥-µ = 0 ⇒ ohilxof-V-0.VE 1- (✗a) , i = 1
, . . ,P

k→b

Let Nlxo) to be the normal rectors of 5 at ×
. .

We define
NIX. / = T (✗

☐It that is , UENIX, ) if and only if for any VET/Xo), uTv=o

{oh,-1×0),i=1 . p} ≤ NLX.)
when does NHI = sp{oh:(✗ ◦ I } ?

FONC : the -11×0 ) , ☐ f-◦HDTV =P.
⇒ Tf

. (Xo) C- NIX. )
If N(Xo) = sp{☐hi (Xo) } , then Fox says if Xo is a local min

,
then 7-µ. i. up sit .

flxo) = É
,
Mithila )



Ex min É ✗TAX - b-' ✗

subject to É✗=c
,
B c-☒

P✗^
, ( c-
RP

B-- [ B
, , . .

. ,B
,
] BT ✗ =L ⇒ Ck = BKTX, BÉX - ee = he 1×7 , Phk 1×7 = Bk

fold = ÉXTA ✗ - btx

☐ to 1×1 = Ax - b

tf ×, is a local min of f-
◦
,
then Axo - b = ÉÉPKMK = BM .µ = R

"

⇒ solve Axo - BM =b In equations)

B-
'

✗◦ = C Ip equations)

[a
-

B)E) = -11 ]
B
"

0 µ

symmetric

"""" "⇒⇒*⇒ = ..
µ,

Xu
Ex Men CTX

✗
,

of tax)=c TX

✗ is a candidate for local min if

7-

NS.t.vfo/x)-1MPhlx)=00foCx)=cohlx7--Ax-bCtMlAx-b)--ohlX)=0C-lMAx-mb--
0

MA ✗ =Mb - C
A ✗ = filmb- c)
✗ = 'µ-A-

'

tub - c)

hl✗)=É(µA _'

tub -4)TAKA
-' tubed - bYµ-'A - ' (µb-4) + d = ?

b-'A-'b-µñbtEEAc - ÑbTA"btµiA _ '

b + Mad = 0

-¥ b-' A-
'
b -1 ÉCTAC -1M'd = 0

v4#A-
'b- d) = ± Etc



Computationally , we need to find solutions to system of nonlinear equations
Tfo# + ÉÉ, Mi oh,-61=0 n equations
hill ) = O p equations

Newton's method
to solve ?

GHiM1i Rn ✗RP IRNXRP

Glx;µ)=

µ
1×1-14.7, Mihilx))h.li)

i.

hplx )

Gradient Jowbian

Newton 's Method ↓

Start with ✗
◦
,

GIXK tox,µ
""

-10m ) EGIX,<,µ
"") -10614. ,µ

""

)(%µ ) -101 )

(✗
*'

µ
. " )=(¥k) - ☐G-

'

GW ;µk,

special Case
min to 1×1

subject AX - b =D Jacobian
"' " MP

Gl×,M=(
01-1×1-1 ATM

)
☐GAME-11-1+1×1

AT

A- × - b
-

A ◦
]

Pxn

Inequality constraints
min to 1×1

Subject to fix)≤0 , i-li.in

Let ✗ satisfy the constraints.

If filx) 20 for a given i. the constraint its sand to be inactive at ✗



Only active constraints limit the admissible direction. In particular, a direction & is

admissible it and only it ofi(xidso, for all; st. fi(x) =0

Aethitian: The Tangent cone of the admissible set at x is defined as the

collection of vectors & such that Ofilx)*d <0

#
inition:Aset K of vectors is said to be a come it UX-K, and x0

XXtK,

*
FONC H x is a local min of to, then 0fo(xTd SO, UdtT(Xo)

Constrained Nonlinear Optimization characterization of solutions

Equality constraints

min fo(x). X EIRU

subjectto hi(x) =0, i=1, . . .

. p

FONC. If it is a solution, then IM; i,. ...8, such that

· fo (x*) = E,Miohi(x*)
SONC If ** satisfies FONC, then for any rector dtT(X*)

dTHy(X*)d 30. T(x*) = (sp90hi(x*(3)
+

Inequality constraints

If X* is a local minimum of to satisfying filx) <0, i=1, ..., m
Then Ofo(x*)=-ExiOfi(**), for xi >0.



Definition = A set K is called a cone it thx c- K
,

V-✗ so
,
✗✗ c- K

Definition : Let s be a set of rectors
,
a cone generated by SB detned as

K -
_ {✗ ✗ , ✗ c- S

,

& ≥ o } = Cols )

Let { vi. Ves. " Um }
,
w{ risk . . . _ Um }

Definition : The dual cone of a cone K is definedby k*={9,51×70, ✗ Ek }

1) Show K* is a cone

2) Equivalent statement for FONC of inequality constraints is

☐ f. (✗* ) C- ( Col-of#*) , i= 1 " . .im/)*f.*.,xi--l
Ex

,
Min 311 , -12K

subject to × ? + ✗i -1 ≤ 0 fix)

✗ i -1¥ - i' ≤ o f. *,

Complete Nonlinear Constrained Optimization Problem

min folx )

subject to fi (X) ≤ 0, i=L , . . . , m
hi 1×1=0 , i = 1

, a.
,
P

Theorem ( Kamin - Kohn -Trucker
,
KKT condition)

If a point ✗
* is a local minimum of f. under the constraints

,
there

must be a vector A C-Am
,
A≥ 0

,
a vectorµ c- RP such that

☐ f-◦ ( ✗* ) + { x ; of; /✗*) + É
.

,Mi0hiC✗*/ = 0
and Hifi (✗*) -0

,
it i =L

, . . ,
us
,

hi (✗*) ⇒, I = 1, . . . , P .

fi (✗*) ≤ °, i = I, ii. in ,



We define a Lagrange function for this general constrained minimization problem as

LLX, X ,M) = f. 1×1-1 É
,
di find + É, Mi hi 1×1

m

✗ ED = Dom lf.tn#Domlfilx)P?.,DomlhiHD
(*I <= > ELI✗

*
, ✗
*
,µ
")=o

0µL (✗
*
i Ñ sµ*) =o

☐
✗ L (✗*, ✗

*

,µ* /= ( f, (✗
*)

fml# 1)
A- 0×2 /✗* , ✗

* 1M¥ = 0

Let a function g-
. Am✗ RP be defined by

9h ,µ ) = inf LIX in ,µ )
✗to

9 is called the Lagrange dual of the minimization problem .

gun,µ) can take value -A

suppose p* is
the minimal value ◦t to in the admissible set

.
Then

g / AM I ≤ p* ≤ f. ( x) , ✗ admissible



Notes by Dongue hang when I was absent





Constrained Nonlinear Minimization.

min fox)

5 subject to fix)c0,121. ...m
hi(x)= 0, i =1. ...p

I Convex Optimization Convex Optimization
fo, fy, ..., for convex min fo(x)F
Ax -b = 0 subject to fixo, i=1,. . ., m

Ax-b = 0, A-R**Y, beRUConvex function
#stx + (1+y) & + fix) + 11-t f1 Y)

fo, f. ... for are convex

Concave function: - f is convex

Definition: Let be a function from RRRA sublevel set so is defined as

Sa* = 9xCR, fx)cx3
#"Lemma 1. 1fffis convex,

then forayin

2xC Proof: Let xy- SE, for any t0.D, flx+1+<ff+1+1) <x
The converse is false z
-Graph of a function ofRHRis a subset in 14th

G (f) = 91x,+), xt1R"> t=f(x)}
Epigraph of a function of: RHIR' is a subset in R4+ defined by

epilf) = 91x,t),xt1RY + >f(x)) #"above the lone

Lemma: A function of is convex if its epigraph is convex

Proof: f is convex, let (x, H, (y.s) cepict
8 (x, t) + (1-0) (y,s) - epic

show:f (8x + (10)y) 20++ C181s.
f10x +11-8)y) 20f1x) + (1-0)flg)

>8 + + 11-8)S



conversely, if epilf) is convex, show must be convex.

take x,y + R", FEG0.17

show f10x +(1-0) 1) - @f1x) + 17-E) f19)
(x, f(x), ly, fly) -> epi
8(x, f(x)+ (1-8) ly, fly) tepi

10x +11-8)y, 8f(x)+ 11-E)fly) Cepi

Lemma: Let far be a family of convex functions for EA. Then
fmax(x) = SUD falx) is come

"I thproof: Intersection of epigraph is convex

corollary: Let g(x,M) be the lagrange dual function
for a general constrained minimization problem, i.e.

min to (x)

subject to filx>co,i=1. . . .m

hi(x) = 0, i =1,
.
. ..

Then g(xm) is re

Pof:gIX,nffoxxTETYATmihixafnelneaid conceP

xGD -
constant

interior

Slate Condition: We assume that I fint2, sit. fic) co, it.M
if fi is not affire, then the strong duality holds, ie

max 9(x,M) =minfox) subject to constraints

o

Emin fr I

subjectto X+x-1=0
&

I



#

solve: 21x) =x2+M(xi+X2-1) Pothis for final

glu) = g-p,as0 ↓ M2x+Xu)-I -M, M3p
X2+MXR+Mx -M
-

Dual Problem =MXitulxit" - to
max-t-M

subjecttoMoo, let at gl---t = -I

W
sometimes 9 is not

Computational Method for Convex Optimization Problem. differentia ble

Equality Constraints #
min f(x)

subjectto=equality construt
*1x,M) = f(x) +MT(Ax-b)
1. ((x,M) = x f(x) + AM D"LX,M) =potex), AI
TM2(x,M) = Ax-b

Hessian ↑
Newton's Method

(*) =(*) -102x)"Costhardto
do

not satisfy constraints

:Need to assume to satisfies constraints

Ichoose

Note: (x*,M*) is a saddle point for [1X,M), ie ((x*,M*) = Min (X,M*)
max L(x*,M)

So no gradiant descent

Special case: fix)=XTQX-(x
022x,M) = (@ AT), N=19)A

W"0"(xMw=y"Ry +2 xTAy= 1YL@TX)TQIOAY)-XAGTT
-

=ZTRzE_XTAG "Ax

totAt]



At each step K, if M(X,Ma is sufficiently small in norm,
the algorithm will stop.

Suppose to satisfies Axo-b =0

(5) = - (2(xx.M+))" 0L(XyM)

0x(X1.Mx)(0)
=
- 0L(XkMn)

joif(x) AT OXY =ogOfIptAMC

gp
=f(x)0x +AToM =

- (Pf(x) + ATM,c)

C Axx =

- AXx - d)

C 0x + (0-f(xx))"ATOM = - 10Ff(X())'(Of(x() +ATMic)
Aox + A10f(Xn1) "AToM =-Alp-f(x())"(0f(X(a)+ATM)

A10f(Xn11 "AToM =-Alp-f(x())"(0f(X(a)+A(M) + (AXk - b)C If ACO"f(xi)AT is invertible, this gives ofsoTo find ox, we need to find all plug into this

A(Xk+2x) =b

Quasi Newton's Method (In case we can't compute 0f(x)

(x) =() -( AF -L(Xk, Mc)

minfo(x)
subject to fi(x) <0, i=1,..., m.

Penalty Approach
minfo(X) +2X;E(fi(x1), I.) =90If
subj to Ax- b =0

Idea: Replace I-with .(x)
=

Stogss,soare
=>minfo(x) +**EE.Ifi(x)
=>mntfo(x)+ MEE -log1-fi(x1



Let **H) be the optimal solution to the problem. Then we have Ax*(1 -b =0

We detOfoCXESTOENCt OfIxEHHISt
EFA filx*H))*0, i= 1,

...,m

Consider the Lagrange function
L(X,x,M) =f(x) + 1X+ fi(x)+MTAARb)
L(x*(t), *(t), MY(t1) = folx*(+1- EFF filx*It

=to (X*(+1)-
sime *xL(x*H).***At,MECt1)<p*

↑tEEY to (xHtl> p*

f(x) = + fo (X) + -log 1- fi(x)
xf(x) =t8fo(x) + f(x)8fi(x)
x2f(x) =tp-fo(X) + +128 fi(x)0 fi(xT + Orf(x)]

need to take a large enough so that 0?f(x) is positive definite.

In Summary, we can use Newton's method as follows

1) Start with to such that filxo <o, i =1, ...,m, ERP
2) "Select sufficient large". At each step K.

IX(x) = (x) - O"FIXkit) ATY" jOFIxNitARETa
for each +, we would like to have

Xk -> **)3PX fo(x*H)p*
Mk ->M+(t)

to guarantee convergence, we typically
1) (103(x) - 0°C, is 11 - K((()- F(l) CLipghic continuous

C 2)/(x-(x,y)'ll =
sme oY(x,M) =[orf(x) ATY, i. 8"c(x,M)-0Y(X,)C =[0-f(x)

-

52f(x),0]
O O

LocfINCATSototulacOATrsp-rTotaTr &" =(0f"x11
+

- (E)"[%%)(E)k= ART AT
k
=[AP+?(x)AT]

- w



Global Optimization
· Genetic Algorithm
·Naive Bayes Algorithm

Welder -Mead Algorithm
Often used in chemistry.


